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Abstract
QCD superconductors in the color-flavor-locked (CFL) phase support excitations
(generalized mesons) that can be described as pairs of particles or holes (rather than
particle-hole) around a gapped Fermi surface. In weak coupling and to leading loga-
rithm accuracy the scalar and pseudoscalar excitations are massless and the vector and
axial-vector excitations are massive and degenerate. The massless scalar excitations are
combined with the longitudinal gluons leading to the Meissner effect in the CFL phase.
The mass of the composite vector excitations is close to twice the gap in weak coupling,
but goes asymptotically to zero with increasing coupling thereby realizing Georgi’s vec-
tor limit in cold and dense matter. We discuss the possible mixing of the composite
scalar and vector excitations with the gluons, their possible coupling to the modified
photons and their decay into light pseudoscalars in the CFL phase. The issue of hidden
gauge-symmetry in the QCD superconductor is critically examined. The physical im-
plications of our results on soft dilepton and neutrino emission in cold and dense matter
are briefly discussed.
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1. Introduction
QCD at large quark density has been discussed in the literature since the late seven-
ties [1, 2], but it has generated an intense activity especially in the last three years [3, 4, 5],
in light of the fact that the ground state may exhibit a robust superconducting phase, with
novel and nonperturbative phenomena. At high quark chemical potential, these phenom-
ena are accessible by weak coupling analysis. The QCD superconductor for a number of
flavors Nf ≥ 3 and a set of degenerate quark masses, breaks color and flavor symmetry
spontaneously, with the excitation of light Goldstone modes.
Some properties of these light excitations that we may call “superpions” #1 have been
addressed recently using effective Lagrangians [6, 7, 8]. In the latter the finite size of the
pairs is usually ignored, allowing for a description in terms of point-like excitations as orig-
inally suggested in [6]. However, in weak coupling, this approximation need not be invoked
since a full analysis with finite size taken into account is feasible to a leading-logarithm
accuracy. A direct analysis of the light Goldstone modes in weak coupling without using the
zero-size approximation, has been performed recently [9]. It allows a microscopic calcula-
tion of the pion form factor, decay constant and mass in leading logarithm approximation
in the color-flavor-locked (CFL) phase. The self-generated form factors provide a natural
cutoff to regulate the effective calculations at the Fermi surface.
In this paper, we will pursue the microscopic analysis for the generalized scalar, vector
and axial-vector mesons viewed as composites of pairs of quasiparticles or quasiholes in the
CFL phase. Throughout, we will only discuss the octet phase and its associated set of
generalized mesons. The axial SU(3) singlet is still expected to be split by the color-flavor
triangle-anomaly [6] present in the CFL phase. This issue will be addressed elsewhere. In
section 2, we discuss the general features of the QCD superconductor in the CFL phase. In
section 3, we show that in the CFL phase both the pseudoscalar and scalar excitations are
massless. The former are true Goldstone modes, while the latter are would-be Goldstone
modes that combine with the longitudinal gluons as discussed in section 4. In section 5, we
show that bound vector excitations of particles or holes exist in the CFL phase, and derive
an explicit relation for their form factor and mass. In section 6, we discuss their coupling to
currents. To leading logarithm accuracy the octet of vectors are degenerate with the octet
of axial-vectors, and decouple from the Noether currents. In section 7, we show that the
composite vectors do not decay to pions in leading logarithm accuracy, contrary to their
analogues in the QCD vacuum. In section 8, we show that the composite vectors decouple
from the gluons in the CFL phase as well. In section 9, we show that issues such as vector
dominance and gauge universality do not immediately apply to the generalized mesons of
finite size. A hidden local symmetry can be revealed only for zero size pairs, which may not
#1We will use the phrases “superpion”, “supervector” etc. for denoting the generalized mesons in the
zero-size approximation which is behind the “superqualiton” point of view of [6].
constitute a good approximation for magnetically bound pairs. Our conclusions are given
in section 10. Some of the calculations are relegated to the Appendix.
2. QCD Superconductor in the CFL Phase
As shown in [3], in the CFL phase the quarks have a nonzero gap. Their propagation is
given in the Nambu-Gorkov formalism by a matrix written in terms of the two-component
Nambu-Gorkov field Ψ = (ψ,ψC), where ψ refers to quarks and ψC(q) = Cψ¯
T (−q) to
charge conjugated quarks, respectively #2. For large µ, the antiparticles decouple, and the
propagator S(q) in the chiral limit reads [10, 11]
S(q) ≈
(
γ0 (q0 + q||)Λ−(q) −M†G∗(q)Λ+(q)
MG(q)Λ−(q) γ0 (q0 − q||) Λ+(q)
)
1
q20 − ǫ2q
,
(1)
where q|| ≈ (|q| − µ) is the particle or hole momentum in the direction of the Fermi mo-
mentum, such that the particle/hole energies read ǫq ≈ ∓
√
q2|| + |G(q)|2 in terms of the
gap function G(q). The operators Λ±(q) = 12(1 ± α · qˆ) are the positive and negative en-
ergy projectors #3. In the CFL phase M = ǫaf ǫ
a
c γ5 = M
† with two antisymmetric tensors
(ǫa)bc = ǫabc, a, b, c ∈ {1, 2, 3}, in flavor (f) and color (c) space, whereas the charge conju-
gation operator C is already incorporated in the definition of the Nambu-Gorkov field Ψ.
The effects of the current quark masses on the quark propagator are involved in the QCD
superconductor. In perturbation theory, we have to first order in the current quark mass [9]
∆S(q) ≈
 m2µ q0+q||q20−ǫ2q −γ0
(
mM†Λ+(q)
2µ +
M†mΛ−(q)
2µ
)
G∗(q)
q2
0
−ǫ2q
−γ0
(
mMΛ−(q)
2µ +
MmΛ+(q)
2µ
)
G(q)
q2
0
−ǫ2q
m
2µ
−q0+q||
q2
0
−ǫ2q

(2)
with m = diag(mu,md,md). Details on the derivation of this result including O(m2) terms
can be found in the Appendix-1 and Appendix-2 #4.
Using the color-identity (see Appendix-4)∑
a
λaT
2
ǫAc
λa
2
= −2
3
ǫAc , (3)
the gap function G(q) in the CFL phase with massless quarks satisfies the following gap
equation
G(p) =
4g2
3
∫
d4q
(2π)4
iD(p− q) G(q)
q20 − ǫ2q
#2Here ψ¯T is the transposed and conjugated field and C ≡ iγ2γ0.
#3Note that γ0Λ±(q) = Λ∓(q)γ0, γ5Λ±(q) = Λ±(q)γ5 and α · qˆΛ±(q) = ±Λ±(q).
#4In what follows, “Appendix-n” denotes the item n in the Appendix.
3
=
4g2
3
∫
d4qE
(2π)4
D(p− q) G(q)
q24 + q
2
|| + |G(q)|2
. (4)
The second expression follows from Wick rotation to Euclidean space. For perturbative
screening of gluons in the relevant ω, ~q domain, the gluon-propagator in Euclidean space
reads schematically as #5
D(q) = 12
1
q2 +m2E
+ 12
1
q2 +m2M
. (5)
Perturbative arguments give m2E/(gµ)
2 = m2D/(gµ)
2 ≈ Nf/2π2 and m2M/m2D ≈ π|q4|/|4q|,
wheremD is the Debye mass, mM is the magnetic screening due to Landau damping and Nf
the number of flavors [13]. To leading logarithm accuracy, the gap equation (4) can be solved
using the logarithmic variables x = ln(Λ∗/p||), y = ln(Λ∗/q||), and x0 = ln(Λ∗/G0) [14],
where Λ∗ = (4Λ6⊥/πm
5
E) and Λ⊥ = 2µ. The result is
G(x) = G0 sin
(
πx
2x0
)
= G0 sin
(
h∗x/
√
3
)
(6)
with h∗x0/
√
3 = π/2 and G0 given by
G0 ≈
(
4Λ6⊥
πm5E
)
e−
√
3pi
2h∗ , (7)
where
h2∗ ≡
g2
6π2
. (8)
This result is in agreement with [14, 15, 12], whereas in [11, 16, 17] there is an additional
prefactor of 2. Note that G(q) is a real-valued even function of q||.
3. Generalized Scalar and Pseudoscalar Mesons
The generalized mesons will refer to excitations in qq as opposed to the standard
mesons which are excitations in qq (see Appendix-9). The wavefunctions of the generalized
scalar and pseudoscalar excitations in the QCD superconductor follows from the Bethe-
Salpeter equation displayed in Fig. 1,
ΓA(p, P ) = g2
∫
d4q
(2π)4
iD(p− q) iVaµ iS(q+
P
2
)ΓA(q, P ) iS(q−P
2
) iVµa , (9)
where the gluon vertex is defined as a Nambu-Gorkov matrix (see Appendix-6)
Vaµ ≡
(
γµλ
a/2 0
0 C (γµλ
a/2)T C−1
)
=
(
γµλ
a/2 0
0 −γµλaT /2
)
. (10)
#5 This simplified version was used in [9, 12] and checked to be reliable for the leading logarithm results,
see also Appendix-12.
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The composite scalar vertex is given by
ΓAσ (p, P ) =
1
FS
 0 iΓ∗S(p, P ) (MA)†
iΓS(p, P )M
A 0
 (11)
with MA = Miα (τA)iα and Miα = ǫif ǫ
α
c γ5. Note that
(
MA
)†
= ǫif ǫ
α
c γ5(τ
A∗)iα =
ǫif ǫ
α
c γ5(τ
A)αi. The composite pseudoscalar vertex has been discussed in [9]. It reads
ΓAπ (p, P ) =
1
FPS
 0 −iγ5 Γ∗PS(p, P ) (MA)†
iγ5 ΓPS(p, P )M
A 0
 . (12)
A thorough discussion of the spin-parity assignment for these vertices can be found in
Appendix-7.
Inserting (1) in (9) we find, after a few reductions (see Appendix-8 for details), that
both the scalar and pseudoscalar Bethe-Salpeter vertices obey
Γ(p, P ) =
4g2
3
∫
d4q
(2π)4
iD(p− q) (Q0 +Q||)(K0 −K||)−G(Q)G(K)
(Q20 − ǫ2Q)(K20 − ǫ2K)
Γ(q, P ) (13)
with Q = q + P/2 and K = q − P/2 and Γ(q, P ) = ΓS(q, P ) = ΓPS(q, P ). In establishing
(13) we have made use of the relations
∑
a
λaT
2
(
MA
) λa
2
= −2
3
MA ,
∑
a
λaT
2
(
M
(
MA
)†
M
)
λa
2
≈ −2
3
MA (14)
(see Appendix-5) and ignored the symmetric contribution in color-flavor which is subleading
in leading logarithm accuracy. In the meson rest frame P = (M,0), we obtain
Γ(p,M) =
4g2
3
∫
d4q
(2π)4
iD(p− q) q
2
0 − ǫ2q −M2/4
(q20 − ǫ2q +M2/4)2 −M2 q20
Γ(q,M) . (15)
This integral equation can be solved exactly in leading logarithm accuracy (see the analogous
calculation in section 5). The resulting mass M in the present case is
M = 2G0
(
1− e−(
√
3−√3)π/h∗
) 1
2
= 0 , (16)
which illustrates the Goldstone nature of the scalar and pseudoscalar excitations in the QCD
superconductor. The pseudoscalar excitations are the generalized pions already discussed
in [6, 9] with a form factor Γ(q, 0) ∝ G(q). The scalar excitations are would-be Goldstone
modes that get eaten up by the longitudinal components of the colored gauge fields (see
below).
Although (16) was derived using the simplified form (5), we now show that the out-
come is the same, irrespective of that choice. Indeed, an alternative way of reaching the
same result that is independent of the choice of the gluon propagator D(q) in (15), can
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Figure 1: Bethe-Salpeter equation for the generalized mesons in the QCD superconductor.
be obtained by expanding the integrand in (15) in M2. For the Goldstone modes, this
expansion is valid and we obtain (see Appendix-10)
iF 2M2 ≈
∫
d4q
(2π)4
Γ2(q)
q20 − ǫ2q
− 3
4g2
∫
d4x
Γ2(x)
iD(x) , (17)
where the second integration is over the configuration space (actually positive semidefinite
in Euclidean space). Here M2 is the Goldstone mass squared, and F (= FPS = FS) its
decay constant with
F 2 ≈ i
4
∫
d4q
(2π)4
q20 + 3ǫ
2
q
(q20 − ǫ2q)3
Γ2(q). (18)
Note that both M and F are functional of the form-factor Γ(q). Minimizing the mass-
functional with respect to Γ(q) yields a gap-like equation with Γ(q) = κG(q) as a solution,
modulo an arbitrary dimensionless constant κ. From (4) we observe in analogy to (17) that
3
4g2
∫
d4x
G2(x)
iD(x) =
∫
d4q
(2π)4
G2(q)
q20 − ǫ2q
. (19)
Inserting (19) into (17) yields F 2M2 ≈ 0, which implies massless Goldstone modes in the
chiral limit, since F 2 is nonzero, i.e.
F 2 ≈ κ
2µ2
8π2
∫ ∞
0
dq||
G2(q||)
ǫ3q
=
κ2µ2
16π2
(20)
(see Appendix-10). For κ = 4 the result for F 2 is in agreement with the result established
in [9], where the axial-vector current normalization has been used. The dependence of
the mass of the generalized pion on the current quark mass can be estimated in mass
perturbation theory using an axial-Ward identity [9], see the Appendix-3. The mass effects
are of order m/µ, and to leading order, we have [9](
M2
)αβ
= − µG0
4π2F 2T
Trcf
([
m2, τα
] (
M†Mβ−Mβ†M
)
+
[
m2, τα∗
] (
MMβ
†−MβM†
))
.
(21)
Using the weak coupling values for FT and G0, (21) becomes(
M2
)αβ
= −
√
2
3
256π4
9g5
exp
(
− 3π
2
√
2 g
) {
Trcf
([
m2, τα
] (
M†Mβ −Mβ†M
))
+Trcf
([
m2, τα∗
] (
MMβ
† −MβM†
))}
. (22)
6
The color-flavor traces in (21-22) yield zero. This is consistent with the fact that
Tr (mρ0 S(q)mρ0 S(q)) = Tr (mS11(q)mS11(q)) + Tr (mS22(q)mS22(q))
=
4
µ
q||
q20 − ǫ2q
Trcf
(
m2
)
+O(1/µ2) , (23)
to second order in mass perturbation theory, where ρ0 is the unit matrix in the Nambu-
Gorkov space. Equation (23) follows after inserting the S11(q) and S22(q) Nambu-Gorkov
components of the full massless propagator (A24), expanded to next-to-leading order in
1/µ, and is seen to vanish after the q||-integration is carried out. The vanishing of (23) to
leading order in 1/µ can be understood as follows: each mass insertion flips chirality but
preserves helicity. Hence the quarks must carry opposite energies, which is not possible if the
antiparticles are absent. Indeed, (23) vanishes to leading order because of the orthogonality
of the massless energy projectors occuring in (1).
At next-to-leading order in 1/µ, however, the vanishing of the mass is averted by
keeping the antiparticle content of S(q) as given in (A24) and using the simplified form
(12) of the generalized-pion vertex. Note that the antiparticle gap, which according to [15]
is gauge-fixing-term dependent (see also Appendix-12), does not appear at this order, but
first at next-to-next-to-leading order (see Appendix-1 and Appendix-3). The mass of the
Goldstone modes at next-to-leading order reads(
M2
)αβ ≈ − G20 x0
8π2F 2T
{
Trcf
(
[m, τα]+
(
Mβ
†
mM+M†mMβ
))
+Trcf
(
[m, τα∗]+
(
MβmM† +MmMβ
†))}
= − 2
18 π10
34
√
2 g11
exp
(
−3√2π2
g
) {
Trcf
(
[m, τα]+
(
Mβ
†
mM+M†mMβ
))
+Trcf
(
[m, τα∗]+
(
MβmM† +MmMβ
†))}
(24)
in the general case mu <∼ md ≪ ms and with the weak-coupling values for FT , G0 and
x0 (see Appendix-3). At next-to-leading order the pion mass relation (24) is reminiscent
of the quadratic Gell-Mann-Oakes-Renner relation in the vaccum, as is explicit from the
axial-Ward-identity [9]. Using the current mass decomposition
m ≡ 1
3
Tr(m)1 +mλ τλ = mˆ1+mλ τλ , (25)
M =Maa ≡ ǫaf ǫac and Mβ ≡Miα(τβ)iα #6 and the identity
[τα, τβ ]+ =
4
3δ
αβ 1+ 2dαβγ τγ ,
we can unwind the color-flavor traces in (24) to obtain the explicit mass matrix,(
M2
)αβ
=
220 π10
34
√
2 g11
exp
(
−3√2π2
g
) {
8 mˆ2 δαβ + 163 m
αmβ + 8 mˆmλ dλαβ
+2
(
mˆmλδασ +mλmγ dγασ
)
ǫInl ǫJsm (τσ)mn (τβ + τ∗β)IJ (τλ)ls
}
, (26)
#6The γ5 has been removed by the spin trace.
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which is nonzero in the flavor symmetric case. Indeed, for mu = md = ms ≡ mq, this result
simplifies to
M2 ≈ 2
23 π10m2q
34
√
2 g11
exp
(
−3√2π2
g
)
, (27)
showing the nonperturbative character of the Goldstone mass in the gauge coupling g. We
have not checked whether the corrections to the leading logarithm approximation affects
(26), since the leading order result (22) vanishes. An expression of similar structure to (27)
can be found in [18].
At this stage, an important remark is in order: the non-vanishing of the next-to-
leading order result depends on our simplification of the gluon-propagator (5), which leads
to the subsequent simplification in the generalized meson vertices (11-12). Indeed, if we
were to use the exact gluon-propagator (A78), then the generalized meson-vertices (11-12)
(also (A61)) have to be changed to
ΓAM (p, P ) −→ Γ˜AM (p, P ) =
(
Λ−(p) 0
0 Λ+(p)
)
ΓAM (p, P )
(
Λ+(p) 0
0 Λ−(p)
)
, (28)
to satisfy the pertinent Bethe-Salpeter equations (see Appendix-12). The additional pro-
jectors in (28) cause the mass of the Goldstone modes to remain massless at next-to-leading
order as well. We note that the additional projectors in (28) follow the structure of the
leading quark propagator (1), and are in general superfluous if each vertex ΓAM is only linked
by the leading part of the quark propagator. If the vertex is of a scalar or pseudoscalar
nature, it is already sufficient that each vertex is coupled to at least one leading part of the
quark propagator (see Appendix-7). This is the case of most our results to leading order,
hence our simplification. The exception is (26) which is a next-to-leading order result, since
two subleading propagators (a massive and a next-to-leading order massless one) are there
attached to one vertex.
4. Higgs Mechanism
The generalized scalar mesons mix with the longitudinal gluons through the non-
diagonal polarization
ΠaAµ (Q) = −ig
∫
d4q
(2π)4
Tr
(
iVaµ iS(q +
Q
2
) iΓAσ (q,Q) iS(q −
Q
2
)
)
, (29)
where ΓAσ (q,Q) is defined in (11). Since the scalar form factor is ΓS(q, 0) = G(q)/F ,
equation (29) can be reduced to
ΠaAµ (Q) =
g
F
Tr
(
λa
2
M†MA
) ∫
d4q
(2π)4
G(q)
(K20 − ǫ2K)(P 20 − ǫ2P )
8
×
{[
(K0 +K||)G(P )− (P0 + P||)G(K)
]
Tr
[
γ0γµΛ
+(K)Λ+(P )
]
+
[
(K0 −K||)G(P ) − (P0 − P||)G(K)
]
Tr
[
γ0γµΛ
−(K)Λ−(P )
]}
(30)
with K = q +Q/2 and P = q −Q/2. Clearly Πµ(0) = 0. In the following, we will use
Tr
(
λa
2
M†MA
)
≡ TrfTrc
(
λa
2
M†MA
)
= −(λa)ji(τA)ji = −Tr
(
τaτA
)
= −2δaA ,
Tr[Λ+(K)Λ+(P )] = Tr[Λ−(K)Λ−(P )] = 1 + Kˆ · Pˆ → 2 and Tr[γ0γiΛ+(K)Λ+(P )] =
−Tr[γ0γiΛ−(K)Λ−(P )] = Kˆi + Pˆi → 2qˆi as well as K|| − P|| ≈ qˆ · Q. In this way, we
obtain to linear order in Q,
ΠaA0 (Q) ≈ iδaAQ0 gFT ,
ΠaAi (Q) ≈ iδaAQi g
F 2S
FT
= iδaAQi gv
2FT . (31)
The temporal and spatial pion decay constants are, respectively [9]
F 2T ≈ −8i
∫
d4q
(2π)4
G2(q)
(q20 − ǫ2q)2
, (32)
F 2S ≈ −8i
∫
d4q
(2π)4
(
qˆ · Qˆ
)2 G2(q)
(q20 − ǫ2q)2
, (33)
where v2 = F 2S/F
2
T = 1/3 is the square of the velocity of the Goldstone modes [8, 9].
The nonvanishing of (31) implies that the 8 generalized scalars in the CFL phase are
eaten up by the longitudinal gluons. As a result, the gluons acquire masses in a manner
analogous to the familiar Meissner effect. Indeed, if we denote by Σcf the scalar color-flavor
order parameter in the CFL phase, then under local color transformations Σ → gcΣ. In
the local approximation (leading order in Q), the gluon-scalar mixing is described by the
Higgs term
LH = 1
4
Tr |∂0Σ− ig A0Σ|2 − v
2
4
Tr |∂iΣ− ig AiΣ|2 . (34)
For the scalar excitations, Σ = FT λ
0 + σAλA and (34) becomes
LH = 1
2
(
σ˙Aσ˙A − v2∂iσA ∂iσA
)
+
g2F 2T
2
(
AA0 A
A
0 − v2AAi AAi
)
−gFT
(
σ˙AAA0 − v2∂iσAAAi
)
. (35)
The mixing vertices in (35) are precisely the ones given by (31). If we define
A˜A0 = A
A
0 −
1
gFT
∂0σ
A ,
A˜Ai = A
A
i −
1
gFT
∂iσ
A , (36)
then (35) reduces to
LH = g
2F 2T
2
A˜A0 A˜
A
0 −
g2F 2S
2
A˜Ai A˜
A
i (37)
9
which is purely a mass term for the new gluon field A˜. Originally there are 8 gluons A that
are massless with two transverse polarizations. After the Higgs mechanism (36), the gluons
become massive in the CFL phase, with the scalar making up the longitudinal component.
No scalars are left. The Meissner mass (37) refers to the inverse penetration length of
static colored magnetic fields in the QCD superconductor which is unexpectedly small, i.e.
1/gµ. In weak coupling the Meissner mass is of the order of the electric screening mass
mE ≈ gµ. It is not of the order of g G0 as in a conventional superconductor with a constant
(energy independent) gap. It is important to note that the nonstatic gluonic modes with
Q0 > G0 sense ‘free quarks’ for which there is electric screening but no magnetic screening.
A brief analysis of the polarization function in the CFL phase supporting this is given in the
Appendix-11. The nonstatic and long-range magnetic effects are at the origin of the pairing
mechanism discussed here, including the binding in the mesonic excitation spectrum.
5. Masses of Generalized Vector and Axial-Vector Mesons
In this section we consider vector mesons consisting of a pair of (quasi-)quarks or
(quasi-)holes at the Fermi surface with momenta p1 = −q + P/2 and p2 = q + P/2. In
the CFL phase these composites (generalized vector mesons) have finite size. Since Lorentz
invariance is absent, there are electric and magnetic composite mesons. Their transverse
and longitudinal vector form factors (or wavefunctions) ΓAT,L in the Nambu-Gorkov repre-
sentation are defined as
ΓAj (q, P ) ≡ γj ΓAV (q, P ) = PˆjPˆiγi ΓAL(q, P ) +
(
−g ij − PˆjPˆi
)
γi Γ
A
T (q, P ) (38)
with
ΓAL =
∫
dPˆ γk Pˆk Pˆ
j ΓAj , (39)
ΓAT =
1
2
∫
dPˆ γk
(
g jk + PˆkPˆ
j
)
ΓAj . (40)
Current conservation implies Pµ ΓAµ (q, P ) = 0, such that the temporal form factor Γ
A
0 (p, P )
is not an independent quantity, but can be expressed in terms of ΓAL as
ΓA0 (p, P ) = −
~γ · ~P
P0
ΓAL(p, P ) . (41)
In the QCD superconductor this implies 1 electric (L) and 2 magnetic (T) modes for the
composite vector mesons. The purpose of this section is to evaluate their form factors and
“masses” (or more precisely excitation energies) in the weak coupling limit. For that, we
note that the wavefunction (up to a dimensionful normalization) of the electric and magnetic
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modes follow from the Bethe-Salpeter equation displayed in Fig. 1, i.e.
ΓAν (p, P ) = g
2
∫
d4q
(2π)4
iD(p− q) iVaµ iS(q+
P
2
)ΓAν (q, P ) iS(q−
P
2
) iVµa , (42)
where the gluon vertex is defined in (10). As discussed in the Appendix-7, the composite
vector meson vertices for the transverse and longitudinal modes have the following structure
ΓAT,L (p, P ) =
1
FV
 0 Γ∗T,L(p, P ) (MA)†
ΓT,L(p, P )M
A 0
 . (43)
Inserting (1) in (42) we find, after a few reductions (see the Appendix-8 for details),
ΓT,L(p, P ) =
4g2
9
∫
d4q
(2π)4
iD(p− q) (Q0 +Q||)(K0 −K||)−G(Q)G(K)
(Q20 − ǫ2Q)(K20 − ǫ2K)
ΓT,L(q, P ) (44)
with Q = q + P/2 and K = q − P/2.
In the rest frame of the composite vector meson, P = (MV ,0), equation (44) becomes
ΓT,L(p,MV ) =
4g2
9
∫
d4q
(2π)4
iD(p− q) q
2
0 − ǫ2q −M2V /4
(q20 − ǫ2q +M2V /4)2 −M2V q20
ΓT,L(q,MV ) , (45)
where we have used that ΓT,L(q,MV ) is an even real function of q. The difference between
the vector equation (45) and the scalar equation (15) is in the prefactors : 4/9 versus 4/3
respectively. As a result, (15) admits massless modes, while (45) does not. Indeed, using
(5) in (45) and assuming that ΓT,L(q,MV ) ≈ ΓT,L(q||,MV ) with support only around the
Fermi surface, we get, after a few integrations #7
ΓT,L(p||,M) ≈
h2∗
36
∫ ∞
0
dq||
 1√
q2|| + |G(q||)|2 −MV /2
+
1√
q2|| + |G(q||)|2 +MV /2

× ln

(
1 +
Λ2⊥
(p||−q||)2 +m2E
)3(
1 +
Λ3⊥
|p||−q|||3 + π4m2D|p||−q|||
)2
× ΓT,L(q||,M) . (46)
Since |p|| − q||| ≪ mE = mD ≪ Λ⊥ = 2µ, equation (46) is simplified in leading logarithm
accuracy to
ΓT,L(p||,MV ) ≈
h2∗
18
∫ Λ∗
GM
dq||
q||
ln
(
Λ2∗
(p|| − q||)2
)
ΓT,L(q||,MV ) (47)
#7The logarithms result from the q⊥ integration. The contour integration in q0 is performed under the
assumption that D(p− q) is dominated by nearly static contributions, where the following identity is used:
q20 − ǫ
2
q −M
2
V /4
(q20 − ǫ
2
q +M2V /4)
2 −M2V q
2
0
=
1
2
(
1
q20 − (ǫq −MV /2)
2
+
1
q20 − (ǫq +MV /2)
2
)
.
The remaining steps are analogous to the ones discussed in [12]. The coefficient h∗ is defined in (8).
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with
G2M = G
2
0 −M2V /4 (48)
and Λ∗ = 4Λ6⊥/πm
5
E . The solution to (47) is obtained by using the new logarithmic variables
x = ln(Λ∗/p||) and xM = ln(Λ∗/GM ) as discussed in [12]. Following this reference, the
transverse and longitudinal form factors for the composite vector mesons are found to be
equal to
ΓT,L(p||,MV ) ≈ GM sin
(
πx
2xM
)
=
√
G20 −
M2V
4
sin
(
h∗
3
ln
(
Λ∗
p||
))
(49)
with
h∗
3
ln
(
Λ∗
GM
)
=
h∗
3
xM =
π
2
. (50)
Notice the threshold singularity for pair production at MV = 2G0. Using (48), (50) and
(7), we get the following value for the mass MV of the generalized vector meson
MV = 2G0
(
1− e−(3−
√
3)π/h∗
) 1
2
. (51)
We recall that h∗ = g/(
√
6π). Note that MV is less than 2G0. Thus the composite pairs
of particles or holes are bound exponentially weakly in the CFL phase. The smaller the
coupling, the smaller the binding. For g → 0, we reach the breaking of the composite pair,
and their mass asymptotes 2G0. For g large their mass asymptotes zero which we interpret
as a realization of Georgi’s vector limit [19] in dense QCD. A rerun of these arguments for the
axial-vector composites yield the same mass (see Appendix-8). In the CFL superconductor
both the vector and axial-vector octets are degenerate in leading logarithm approximation,
in spite of chiral symmetry breaking.
6. Vector Meson Coupling to Currents
The dimensionful coupling FV of the vector mesons in the QCD superconductor is
defined by 〈
BCS
∣∣∣Vαµ(0)∣∣∣ V AT,L(P )〉 ≡ FV MV ET,Lµ (P ) δαA , (52)
where 〈BCS| stands for the CFL ground state and ET,Lµ are the transverse and longitudinal
polarizations. In terms of the original quark fields Ψ, the vector current follows from
Noether theorem. Hence (see Appendix-6)
Vαµ(x) = Ψγµ
1
2
Tαρ3Ψ (53)
with TA = diag (τA, τA∗) an SU(3)c+F valued generator in the Nambu-Gorkov representa-
tion and ρ3 the standard Pauli matrix acting on the Nambu-Gorkov indices, in accordance
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Figure 2: Vector transition in the QCD superconductor.
with (10). A diagrammatic representation of (52) is shown in Fig. 2. Inserting (53) in (52),
we obtain from Fig. 2
FV MV ET,Lµ (P ) δαA = −
∫
d4k
(2π)4
Tr
(
γµ
1
2
Tαρ3 iS(k +
P
2
) iET,Lν (P )Γν AV (k, P ) iS(k −
P
2
)
)
(54)
with Γν AV as defined in (38). However, because of the spin structure,
Trs(γµ γ0 γr α
n) = 0 , n = 0, 1, 2, · · · , (55)
the right hand side of (54) vanishes identically, to leading logarithm accuracy and in the
chiral limit.
So, the vector excitations couple to the usual physical currents only in subleading
order if at all. An exact and direct assessment of this coupling is beyond the scope of the
present work. Instead, we will present a variational estimate for FV (temporal) based on
the variational analysis discussed in section 3 for the scalars and pseudoscalars (massless
excitations) which turn out to compare well with the exact results. Indeed, a rerun of the
variational arguments, i.e. the application of the steps between (15) and (17) to (45), yields
F 2V ≈
µ2
8π2
∫ ∞
0
dq||
Γ2T,L(q||,MV )
ǫ3q
≈ µ
2
8π2
∫ Λ∗
G0
dq||
κ2G2M sin
2
(
h∗
3 ln
(
Λ∗
q||
))
q3||
=
κ2µ2
8π2
G2M
G20
∫ x0
0
dx e2(x−x0) sin2
(
πx
2xM
)
=
κ2µ2
8π2
G2M
G20
1− cos(πx0/xM )
4
=
κ2µ2(1− cos(π/√3)
32π2
e−
pi
h∗ (3−
√
3 ) . (56)
The ratio F 2V /F
2 ≪ 1 is indeed subleading in weak coupling. Similar variational arguments
for the vector mass yields an upper bound of the form (see Appendix-10)
M2V ≤ 8x0G20
2 (1− (xM/π x0) sin(πx0/xM ))
1− cos(πx0/xM ) , (57)
which is generously satisfied by the exact result (51).
The generalized vector meson coupling to the scalars can be assessed similarly, by
substituting in Fig. 2 the vector current by the generalized scalar vertex, i.e.
ΠaAi (P ) = −i
∫
d4k
(2π)4
Tr
(
iΓai (k, P ) iS(k +
P
2
) iΓAσ (k, P ) iS(k −
P
2
)
)
. (58)
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Substituting for the vector and scalar vertex, we obtain
ΠaAi (P ) =
1
FV FS
Tr
(
MaMA
†) ∫ d4k
(2π)4
(Q0 −Q||)(K0 +K||)− (Q0 +Q||)(K0 −K||)
(Q20 − ǫ2Q)(K20 − ǫ2K)
× ΓV (k, P ) ΓS(k, P )Tr
(
γi Λ
+(Q)Λ+(K)
)
(59)
with Q = k + P/2 and K = k − P/2. The spin trace in (59) is found to vanish. In leading
logarithm approximation, the generalized vectors and scalars do not mix, in contrast to
the mixing between the generalized scalars and gluons which is at the origin of the Higgs
mechanism discussed in section 4. Mixing may take place at next-to-leading order with
consequences on leptonic emissivities in dense matter.
7. Vector Meson Coupling to Goldstones
The composite character of the vector mesons in the CFL phase allows them to
interact with the generalized pions in the QCD superconductor modulo G-parity. Indeed,
the decay process V → π (and in general any odd number of π) can be easily seen to vanish
in the CFL phase. In this section, we will estimate the V → ππ decay in the CFL phase as
represented by Fig. 3 in leading logarithm accuracy and in the chiral limit.
The effective vertex associated to Fig 3, translates to the following equation
VABCµ (P,Q) = −
∫
d4q
(2π)4
Tr
(
iS(q +
P
2
) iγµ Γ
A
V (q, P ) iS(q −
P
2
) iΓBπ (q −
Q
2
, P −Q)
× iS(q −Q+ P
2
) iΓCπ (q +
P −Q
2
, Q)
)
. (60)
The composite vector and composite pion vertices are given, respectively, by (43) inserted
into (38) and by (12). The general structure of the vertex (38) and the lack of Lorentz
invariance in the CFL phase yield eight form factors,
VABCµ (P,Q) = +fABC
{
hfE(P,Q)P0 + g
f
E(P,Q)Q0
}
δµ0
+fABC
{
hfM (P,Q)Pi + g
f
M (P,Q)Qi
}
δµi
+dABC
{
hdE(P,Q)P0 + g
d
E(P,Q)Q0
}
δµ0
+dABC
{
hdM (P,Q)Pi + g
d
M (P,Q)Qi
}
δµi. (61)
The electric and magnetic couplings are gE ≈ gE(0, 0) and gM ≈ gM (0, 0). Setting P = 0
and Q = (M, 0), the electric coupling is seen to vanish because of the mismatch in spin
structure (i.e., tracing to an uncompensated γ0, see (55)) in the chiral limit, i.e. gE = 0.
Setting P = 0 and Q = (0,Q) fixes the magnetic coupling. In terms of (43) the composite
14
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Figure 3: V → ππ decay in the QCD superconductor.
vertex reads
VABCT,L (P,Q) =
1
FV F 2
∫
d4q
(2π)4
ΓT,L(q,MV )G
2(q−Q
2
)
1
(q20 − ǫ2q)2
1
q20 − ǫ2q−Q
×Trfc
(
τA
[
τB , τC
]
+
)
× {G(q) [q−Q+ − q+Q−]
×Trs
[
Λ−(q)γT,LΛ−(q)Λ−(q−Q) +
(
Λ− → Λ+)]
−G(q −Q)
[
q+q− − 2G(q)2
]
× Trs
[
Λ−(q)γT,LΛ−(q)Λ−(q−Q)−
(
Λ− → Λ+)]}
(62)
with q± = q0 ± q||, Q± = ±Q|| and γL,T = γiELTi . Equation (62) is identically zero, since
the spin structure is of the form
Trs(γ
µαn) = 0 for µ = 0, 1, 2, 3 and n = 0, 1, 2, · · · .
In fact, one could have seen this already by inspecting (60) as it contains only one γµ and
always an even number of γ0’s (either 2 or 0) from the propagator (1) (either one S11 and
one S22 appear together or only S12’s and S21’s). This holds for any value of P and Q.
Hence V → ππ vanishes to leading logarithm accuracy and in the chiral limit in the CFL
phase, making the vector excitations real (zero width).
8. Vector Meson Mixing with Gluons
In the CFL phase the static electric and magnetic gluons are respectively screened and
expelled (Meissner effect). Both the screening mass and the Meissner mass are of order gµ
which is large on the scale of the superconductor excitations. So for all purposes, the static
gluons decouple. For the nearly static gluons with energy Q0 ≈ G0, both the screening and
the Meissner effect in the superconductor weakens substantially. Indeed, it is the nearly
static magnetic gluons which are not screened but only Landau damped that cause the
15
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binding of the composite pairs and their excitations in weak coupling with a magnetic scale
mM . In weak coupling, the vector mesons are dominant with MV ≪ mM .
To analyze the mixing of the transverse composite vector mesons with the transverse
magnetic gluons in the intermediate regime MV ∼ mM , we define the 2-component vector
fields (ρAi ,H
A
i ). Then the mixed propagator for the transverse modes reads(
∆−1V (Q) Π(Q)
Π(Q) ∆−1H (Q)
)αβ
ij
, (63)
where the diagonal transverse propagators are
∆−1,αβV,ij (Q) = δ
αβ
(
δij − QˆiQˆj
)
(Q20 − v2VQ2 −M2V )−1 F 2V,T ,
∆−1,αβH,ij (Q) = δ
αβ
(
δij − QˆiQˆj
)
(Q20 − v2HQ2 −M2H)−1 F 2H,T (64)
with v2 = F 2S/F
2
T . For the magnetic gluons FH,T and FH,S are related to the electric color
susceptibility and magnetic permittivity in the superconductor. Their explicit form will not
be needed for our arguments. The off-diagonal part of the mixed propagator (63) follows
from Fig. 4. Hence
Παβij (Q) = −ig
∫
d4q
(2π)4
Tr
(
Vαi iS(q +
Q
2
) iΓβj (q,Q) iS(q −
Q
2
)
)
(65)
which is found to vanish because one of the γ0 from S is not compensated at the gluon edge,
see also (55). In the chiral limit and in leading logarithm accuracy, therefore, the composite
and transverse vector mesons decouple from the transverse gluons. If any, mixing must
occur at next-to-leading logarithm order or under explicit breaking of chiral symmetry.
9. Hidden Gauge Symmetry
We have seen that in weak coupling, the composite vector mesons are distinct from
the screened and Higgsed gluons. Could they be the realization of a hidden local symmetry
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in the CFL phase, besides the explicit local color symmetry? Furthermore, could the hidden
local symmetry of the flavor sector be “dual” to the local color symmetry?#8 To answer
these particular questions, we recall that in the CFL phase the color-flavor locking generates
multidegenerate phases [21, 22], characterized by the following order parameter〈
Ψ(x)Miα
(
e−iγ5π
ATA
)iα
ρ2Ψ(y)
〉
6= 0 . (66)
Recall Miα = ǫif ǫ
α
c γ5, ρ2 a Pauli matrix active on the Nambu-Gorkov entries, and T
A =
diag (τA, τA,∗) an SU(3)c+F valued generator in the Nambu-Gorkov representation. The
CFL phase is invariant under the diagonal of rigid vector-color plus vector-flavor, i.e.
SU(3)c+V .
As suggested in [9], in the CFL phase the generalized pions can be regarded as bound
states of pairs of particles or holes. Because of the degeneracy (66), they may also be
approximately described by SU(3)c+A valued excitations in the coset (SU(3)c × SU(3)L ×
SU(3)R)/SU(3)c+V , in the long-wavelength and zero-size limit [6, 7]. We note that (66)
can also be rewritten as〈
Ψ(x)Miα
(
ξ−1f ξ
−1
c
)iα
ρ2Ψ(y)
〉
=
〈
Ψ(x)
(
ξTf ǫ
α
f ξf
) (
ξTc ǫ
α
c ξc
)
γ5 ρ2Ψ(y)
〉
6= 0 , (67)
where we have used the unitary gauge ξc = ξf = e
iγ5πATA/2, and the identity
(ǫc)αβ
(
ξ−1
)cc′ ≡ ǫcαβ (ξ−1)cc′ = (ξT ǫc′ ξ)αβ . (68)
For constant πA, the rigid rotations ξf and ξc can be reabsorbed through ξf ξcΨ → Ψ,
leaving invariant the equations in the QCD superconductor. This rigid degeneracy is at the
origin of the Goldstone modes in the CFL phase.
For composite pairs we observe that (67) enjoys a local symmetry through
eiγ5π
ATA = ξf ξc = ξf h(x)
−1 h(x)ξc , (69)
where h(x) is an element of local SU(3)c+V . For finite size pairs, the local invariance
(69) cannot be transported and reabsorbed in the fermionic fields Ψ(x) and Ψ(y) as they
carry different arguments. Hence, strictly speaking, there is no hidden symmetry for local
SU(3)c+V besides the original local color symmetry, in general.
However, in the limiting case where x→ y, and the size of the pair can be ignored #9,
then (69) is a hidden symmetry in the QCD superconductor. Indeed, the effective phases
#8 A similar issue is addressed in [20] in a different context.
#9We stress that our exact calculation was rendered possible by the natural cutoff provided by the finite
size of the composite. To what extent the zero-size approximation can be valid is not clear for the system
in question. This caveat may seem to also apply to effective field descriptions of hadrons in zero-density
environment. The light-quark hadrons such as π, ρ, ω etc. in the matter-free vacuum are of course finite-sized
but nonetheless can be given an effective field theory description in terms of local chiral Lagrangians with
hidden gauge symmetry etc. In such a description, the finite size is naturally accounted for by higher-order
terms in chiral perturbation series. The resolution of this issue in the present case will have to involve going
beyond the weak coupling and leading-log approximations that are not addressed here.
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ξf,c can be made local, and their corresponding effective action is invariant under the trans-
formations [6]
ξf (x)→ gf ξf (x)h−1(x) , ξc(x)→ h(x) ξc(x) g−1c , (70)
where gf and gc are rigid flavor and color transformations. The effective action for ξf (x)
and ξc(x) or equivalently their chiral left-right unitary fields, in the zero size approximation
was originally discussed in [6]. As a result of the local invariance (70), the vector mesons
composed of pairs of particles or holes can be regarded as gauge particles of the hidden
and local SU(3)c+V in the zero size approximation
#10. They couple minimally to the
generalized pions, and their properties follow from general principles [23]. In particular,
their mass is given as M2V = 2F
2 g2V ππ (KSRF-II) and their coupling to the CFL photon is
gV = 2F
2 gV ππ (KSRF-I), which are both seen to mix orders in weak coupling. In the normal
(non-superconducting) phase, the photons only couple through ρ-mesons leading to the
concept of vector dominance (VDM), which is usually manifest through gV ππ = gSU(3)c+V
(universality). In this limit, the hidden gauge symmetry must be identical to the broken
color symmetry SU(3)c.
Since the pairs in the QCD superconductor have finite size, our results show that
the concepts of hidden gauge symmetry and VDM are only approximate #11, and do not
hold in weak coupling and leading-log approximation. We recall that in weak coupling, the
pairs are very close in space (separation of order 1/µ) but far in time (separation of order
1/mM ≈ 1/(m2EG0)1/3 ≫ 1/µ).
10. Conclusions
We have analyzed the generalized scalar, pseudoscalar, vector and axial-vector ex-
citations in the CFL superconductor in the weak coupling limit. We have confirmed that
the octet scalar and pseudoscalar excitations are both massless, and that only the pseu-
doscalars survive as Goldstone modes, while the scalars are Higgsed by the gluons leading
to the Meissner effect. We have found that the vectors and axial vectors are bound and
degenerate irrespective of their polarization, with a mass that is less than 2G0. Chiral sym-
metry is explicitly realized in the vector spectrum in the CFL phase in leading logarithm
#10In [7], the hidden gauge symmetry was identified with the local color gauge group. Here it is clearly
a local symmetry of the QCD superconductor when the pairs are assumed of zero size. The corresponding
gauge particles are composite pairs of particles and holes as noted in [6]. The hidden gauge symmetry arrived
at zero-size limit may be implying a “dual” relation between the two as in [20].
#11It is not surprising that such concepts make precise sense only for modes that can be described by local
fields. This situation is analogous to the role of VDM in baryon structure. Because of the finite skyrmion
size, large Nc effective theories implemented with VDM are not as successful for baryon electromagnetic
properties as they are for mesons.
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approximation, in spite of its breaking in general. In the CFL superconductor the vector
mesons are characterized by form factors that are similar but not identical to those of the
generalized pions.
We have explicitly shown that the composite vector mesons can be viewed as a gauge
manifestation of a hidden local SU(3)c+V when their size is ignored (their form factor set
to one). In this limit, the effective Lagrangian description suggested in [6, 7, 8] is valid
with the vector mesons described as Higgsed gauge bosons. Only in this limit, which is
clearly approximative, do we recover concepts such as vector dominance and universality.
(This is of course what one would expect in the QCD vacuum as well.) In any event, the
zero-size limit is not compatible with the weak-coupling limit, because of the long-range
pairing mechanism at work at large quark chemical potential. It is an open question whether
going beyond the weak-coupling and leading-log approximations would render the concepts
of effective field theories (e.g., HGS, VDM etc.) more appropriate.
Although our arguments were exclusive to the CFL phase, it is clear that they can
be minimally changed to accommodate for the case of Nf = 2, which shows a qualitatively
different form of superconductivity without color-flavor locking, in particular there are no
generalized pions. Modulo some color-flavor factors, we have checked that our results carry
over to the vector and axial-vector excitations. They change minimally for the scalars at
the origin of the Higgs mechanism, also present for two flavors.
The existence of bound light scalar, vector and axial-vector mesons in QCD at high
density, may have interesting consequences on dilepton and neutrino emissivities in dense
environments such as the ones encountered in neutron stars. For example, in young and hot
neutron stars neutrino production via quarks in the superconducting phase can be substan-
tially modified if the vector excitations are deeply bound with a non-vanishing coupling, a
plausible situation in QCD in strong coupling. These excitations may be directly seen by
scattering electrons off compressed nuclear matter (with densities that allow for a super-
conducting phase to form) and may cause substantial soft dilepton emission in the same
energy range in “cold” heavy-ion collisions.
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Appendix
In this appendix, we give some of the missing steps in deriving the formulae of the main
text.
1. Direct calculation of the propagator (1) including mass corrections (2):
According to Ref. [10], the general entries for S(q) read
S11(q) = −i
〈
ψ(q)ψ¯(q)
〉
=
{(
G+0 (q)
)−1 − γ0∆†(q) γ0G−0 (q)∆(q)}−1 ,
S12(q) = −i
〈
ψ(q)ψ¯C (q)
〉
= −G+0 (q) γ0∆†(q)γ0 S22(q) ,
S21(q) = −i
〈
ψC(q)ψ¯(q)
〉
= −G−0 (q)∆(q)S11(q) ,
S22(q) = −i
〈
ψC(q)ψ¯C(q)
〉
=
{(
G−0 (q)
)−1 −∆(q)G+0 (q) γ0∆†(q)γ0}−1
(A1)
with (
G±0 (q)
)−1
= γµq
µ ± µγ0 −m
= γ0 (q0 ± µ−α · q)−m , (A2)
where, in general m = diag(mu,md,ms). Furthermore,
∆(q) =MG(q)Λ+(q) +MG(q)Λ−(q) , (A3)
where M = ǫaf ǫ
a
c γ5 =M
† with (ǫa)bc = ǫabc. Note that
γ0∆†(q)γ0 = −M†G∗(q)Λ−(q)−M†G∗(q)Λ+(q) (A4)
and (
M†M
)αβ
ij
= δαβδij + δαiδβj , (A5)
where α, β = 1, 2, 3 and i, j = 1, 2, 3 are color and flavor indices, respectively.
Inserting (A2) and (A3) and (A4) into S11(q), we get up to second order in m:
S11(q) ≈
{
(γ · q + µγ0)−m−M† γ · q − µγ
0
(q0−µ)2−|q|2−m2 M
(
|G(q)|2Λ+(q) + |G(q)|2Λ−(q)
)
+M†m
G∗(q)G(q)Λ−(q) +G∗(q)G(q)Λ+(q)
(q0 − µ)2 − |q|2 −m2 M
}−1
=
{
(γ · q − µγ0)(γ · q + µγ0)
−
(
M†M+
M†m2M
(q0 − µ)2 − |q|2
) (
|G(q)|2Λ+(q) + |G(q)|2Λ−(q)
)
− (γ · q − µγ0)
(
m−M†mM G
∗(q)G(q)Λ−(q) +G∗(q)G(q)Λ+(q)
(q0 − µ)2 − |q|2
)}−1
×(γ · q − µγ0) . (A6)
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Using
(γ · q − µγ0)(γ · q + µγ0) = {q20 − (µ − |q|)2}Λ+(q) + {q20 − (µ+ |q|)2}Λ−(q) ,
we can transform (A6) into
S11(q) =
{
Λ+(q)
[
q20 − (µ− |q|)2 −
(
M†M+
M†m2M
(q0 − µ)2 − |q|2
)
|G(q)|2
]
Λ+(q)
+Λ−(q)
[
q20 − (µ+ |q|)2 −
(
M†M+
M†m2M
(q0 − µ)2 − |q|2
)
|G(q)|2
]
Λ−(q)
−Λ+(q) γ0
[
q0 − µ+ |q|
] (
m−M†mM G
∗(q)G(q)
(q0 − µ)2 − |q|2
)
Λ−(q)
−Λ−(q) γ0
[
q0 − µ− |q|
] (
m−M†mM G
∗
(q)G(q)
(q0 − µ)2 − |q|2
)
Λ+(q)
}−1
×γ0(q0 − µ−α · q) . (A7)
Note that (A7) has the structure
S11(q) =
{
Λ+AΛ+ +Λ−DΛ− + Λ+B Λ− + Λ− C Λ+
}−1
γ0(q0 − µ−α · q)
≡ {F}−1 γ0(q0 − µ−α · q) (A8)
with
A = q20 − ǫ2q −M†m2M
|G(q)|2
(q0 − µ)2 − |q|2 ,
D = q20 − ǫ2q −M†m2M
|G(q)|2
(q0 − µ)2 − |q|2 ,
B = −γ0 [q0 − µ+ |q|]
(
m−M†mM G
∗(q)G(q)
(q0 − µ)2 − |q|2
)
,
C = −γ0 [q0 − µ− |q|]
(
m−M†mM G
∗
(q)G(q)
(q0 − µ)2 − |q|2
)
,
(A9)
where
ǫq ≡ (µ− |q|)2 +M†M|G(q)|2 , (A10)
ǫq ≡ (µ+ |q|)2 +M†M|G(q)|2 . (A11)
Here the projectors Λ± are short for Λ±(q), and satisfy Λ±Λ± = Λ± and Λ+ + Λ− = 1,
where the unit matrix refers to the Dirac space.
We will use now that the inverse of
F ≡ Λ+AΛ+ + Λ+B Λ− + Λ−C Λ+ + Λ−DΛ−
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reads
F−1 = Λ+A−1 Λ+ + Λ−D−1 Λ−
− Λ+A−1BD−1Λ− − Λ−D−1 C A−1 Λ+
+ Λ+A−1BD−1C A−1 Λ+ + Λ−D−1C A−1BD−1Λ−
+O(m3)
and furthermore that γ0Λ± = Λ∓γ0 and Λ±(q)α · q = ±|q|Λ±(q). Then, we have
S11(q) ≈ γ
0Λ−(q)(q0 − µ+ |q|)
q20 − ǫ2q
+
γ0Λ+(q)(q0 − µ− |q|)
q20 − ǫ2q
+
(
(q0 − µ)2 − |q|2
){ 1
q20 − ǫ2q
m
1
q20 − ǫ2q
Λ+(q) +
1
q20 − ǫ2q
m
1
q20 − ǫ2q
Λ−(q)
}
−G∗(q)G(q) 1
q20 − ǫ2q
M†mM
1
q20 − ǫ2q
Λ+(q)
−G∗(q)G(q) 1
q20 − ǫ2q
M†mM
1
q20 − ǫ2q
Λ−(q)
+
1
q20 − ǫ2q
M†m2M
|G(q)|2
(q0 − µ)2 − |q|2
γ0Λ−(q)(q0 − µ+ |q|)
q20 − ǫ2q
+
1
q20 − ǫ2q
M†m2M
|G(q)|2
(q0 − µ)2 − |q|2
γ0Λ+(q)(q0 − µ− |q|)
q20 − ǫ2q
+
(q0 − µ)2 − |q|2
q20 − ǫ2q
(
m−M†mM G
∗(q)G(q)
(q0 − µ)2 − |q|2
)
1
q20 − ǫ2q
×
(
m−M†mM G
∗
(q)G(q)
(q0 − µ)2 − |q|2
)
γ0Λ−(q)(q0 − µ+ |q|)
q20 − ǫ2q
+
(q0 − µ)2 − |q|2
q20 − ǫ2q
(
m−M†mM G
∗
(q)G(q)
(q0 − µ)2 − |q|2
)
1
q20 − ǫ2q
×
(
m−M†mM G
∗(q)G(q)
(q0 − µ)2 − |q|2
)
γ0Λ+(q)(q0 − µ− |q|)
q20 − ǫq2
+O(m3) . (A12)
We apply now the following approximations
ǫ
2
q = (µ− |q|)2 +M†M|G(q)|2 ≈ (µ− |q|)2 + |G(q)|2 ≡ ǫ2q ,
ǫ
2
q = (µ+ |q|)2 +M†M|G(q)|2 ≈ (µ+ |q|)2 + |G(q)|2 ≡ ǫ2q , (A13)
and, since |q| ≈ µ+ q||,
ǫ2q ≈ q2|| + |G(q)|2 , (A14)
ǫ2q ≈ 4µ2 , (A15)
(q0 − µ)2 − |q|2 ≈ −2µ(q0 + q||) . (A16)
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Then equation (A12) simplifies to
S11(q) = γ
0 q0 + q||
q20 − ǫ2q
Λ−(q) +
γ0Λ+(q)
2µ
+
m
2µ
q0 + q||
q20 − ǫ2q
+ γ0
m2
2µ
(
q0 + q||
q20 − ǫ2q
)2
Λ−(q)− γ0 M
†m2M
2µ
(
|G(q)|
q20 − ǫ2q
)2
Λ−(q)
+O
(
µ−2,m3, |G(q)|2 M†M−1
(q20−ǫ2q)
2
)
. (A17)
Note that S22(q) follows from (A12) under the substitutions
Λ±(q)↔ Λ∓(q) , ±µ↔ ∓µ , ±|q| ↔ ∓|q| , ±G∗ ↔ ∓G , ±G∗ ↔ ∓G , andM† ↔M ,
(A18)
which also imply ±q|| ↔ ∓q||. In fact, these rules can be traced back to the replacements
G+0 (q)↔ G−0 (q) and ∆(q)↔ γ0∆†(q) γ0 which link the various Nambu-Gorkov components
in (A1) to each other. Using (A15) and
(q0 + µ)
2 − |q|2 ≈ 2µ(q0 − q||) , (A19)
we get
S22(q) =
γ0Λ+(q)(q0 − q||)
q20 − ǫ2q
− γ
0Λ−(q)
2µ
− m
2µ
q0 − q||
q20 − ǫ2q
− γ0 m
2
2µ
(
q0 − q||
q20 − ǫ2q
)2
Λ+(q) + γ0
Mm2M†
2µ
(
|G(q)|
q20 − ǫ2q
)2
Λ+(q)
+O
(
µ−2,m3, |G(q)|2 M†M−1
(q20−ǫ2q)
2
)
. (A20)
Finally,
S21(q) = −G−0 (q)∆(q)S11(q) (A21)
= −γ
0(q0 − µ−α · q) +m
(q0 − µ)2 − |q|2 −m2 ×M
[
G(q)Λ+(q) +G(q)Λ−(q)
]
× S11(q)
= +
[
q0 − µ− |q|
(q0 − µ)2 − |q|2 MG(q)Λ
−(q) +
q0 − µ+ |q|
(q0 − µ)2 − |q|2 MG(q)Λ
+(q)
]
γ0 S11(q)
− m
(q0 − µ)2 − |q|2 M
[
G(q)Λ+(q) +G(q)Λ−(q)
]
S11(q)
+m2
[
q0 − µ− |q|
((q0 − µ)2 − |q|2)2
MG(q)Λ−(q) +
q0 − µ+ |q|
(q0 − µ)2 − |q|2 MG(q)Λ
+(q)
]
× γ0 S11(q) +O
(
m3
)
=
MG(q)Λ−(q)
q20 − ǫ2q
− γ0 Mm
2µ
G(q)Λ+(q)
q20 − ǫ2q
− γ0 mM
2µ
G(q)Λ−(q)
q20 − ǫ2q
+
Mm2
2µ
G(q)
(
q0 + q||
)
Λ−(q)(
q20 − ǫ2q
)2 − MM†m2M2µ G(q) |G(q)|
2 Λ−(q)(
q0 + q||
) (
q20 − ǫ2q
)2
− m
2
2µ
MG(q)Λ−(q)(
q0 + q||
) (
q20 − ǫ2q
) +O (µ−2,m3, |G(q)|2 M†M−1
(q20−ǫ2q)
2
)
.
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The latter equation can be simplified to
S21(q) =
MG(q)Λ−(q)
q20 − ǫ2q
− γ0 Mm
2µ
G(q)Λ+(q)
q20 − ǫ2q
− γ0 mM
2µ
G(q)Λ−(q)
q20 − ǫ2q
+
1
2µ
{
Mm2
(
q0 + q||
)
−m2M
(
q0 − q||
)} G(q)Λ−(q)(
q20 − ǫ2q
)2
+O
(
µ−2,m3, |G(q)|2 M†M−1
(q20−ǫ2q)
2
)
. (A22)
Again, S12 follows under the substitutions (A18) from S21. Using (A15) and(A19), we get
S12(q) = −M
†G∗(q)Λ+(q)
q20 − ǫ2q
− γ0 M
†m
2µ
G∗(q)Λ−(q)
q20 − ǫ2q
− γ0 mM
†
2µ
G∗(q)Λ+(q)
q20 − ǫ2q
+
1
2µ
{
M†m2
(
q0 − q||
)
−m2M†
(
q0 + q||
)} G∗(q)Λ+(q)(
q20 − ǫ2q
)2
+O
(
µ−2,m3, |G(q)|2 M†M−1
(q20−ǫ2q)
2
)
. (A23)
Note that the above determined quark propagators (A17), (A20), (A22) and (A23) show
neither a G(q) nor a G
∗
(q) dependence. In fact, such terms first arise at order O(µ−2).
2. Perturbative calculation of the mass corrections (2) to the propagator (1):
As a check on the precedent analysis, we now carry a mass perturbation analysis of
the quark propagator in the CFL phase. We recall that the massless propagator reads [9] #12
S11(q) =
[
Λ+(q) γ0 q0−µ+|q|
q2
0
−ǫ2q Λ
−(q) + Λ−(q) γ0 q0−µ−|q|
q20−ǫ
2
q
Λ+(q)
]
,
S12(q) = −
[
Λ+(q)M† G
∗(q)
q20−ǫ2q
Λ+(q) + Λ−(q)M† G
∗
(q)
q2
0
−ǫ2q
Λ−(q)
]
,
S21(q) =
[
Λ−(q)M G(q)
q2
0
−ǫ2q Λ
−(q) + Λ+(q)M G(q)
q20−ǫ
2
q
Λ+(q)
]
,
S22(q) =
[
Λ−(q) γ0 q0+µ−|q|
q20−ǫ2q
Λ+(q) + Λ+(q) γ0 q0+µ+|q|
q2
0
−ǫ2q
Λ−(q)
]
(A24)
with ǫ2q = (µ − |q|)2 +M†M|G(q)|2 and ǫ¯2q = (µ + |q|)2 +M†M|G(q)|2. Using (A24), we
can calculate the mass corrections in perturbation theory, i.e.
∆mS(q) = S(q)
(
m 0
0 m
)
S(q) , (A25)
∆m2S(q) = S(q)
(
m 0
0 m
)
S(q)
(
m 0
0 m
)
S(q) , (A26)
#12These expressions can easily be derived with the methods of the former section. Especially, they are
consistent with (A17), (A20), (A22) and (A23) to order O(m0, µ−1) and under the approximations (A14),
(A15), (A16) and (A19).
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etc., where, in general, m = diag(mu,md,ms). The remaining task is just to insert the
terms (A24) into (A25) and (A26). One can easily check that the m and m2 terms of
(A17), (A20), (A22) and (A23) are recovered in this way. Hence, the direct and perturbative
arguments give the same result to the order quoted. In retrospect, this is not surprising.
Both approaches use the Dyson expansion of the propagator. In the perturbative argument,
the full massive propagator is expanded in terms of the full massless propagator. In the
direct approach, the same expansion is performed on the level of the free propagators. The
gap functions MG(q) and MG(q) are completely passive with respect to these expansions.
Therefore the results are the same.
The neglect of the color-flavor non-diagonal terms in (A5) through the approximation
(A13) which has also been used in [9] to simplify the denominators, can be justified as
follows. The eigenvalues of M (=M†) read [12]
eig (M) = +2,+1,+1,+1,−1,−1,−1,−1,−1 .
Thus the eigenvalues of M†M =M2 are #13
eig
(
M†M
)
= 4, 1, 1, 1, 1, 1, 1, 1, 1 .
Note that eight eigenvalues are equal to unit and only the ninth deviates from this value [21].
This is related to an explicit U(1) degree of freedom in the U(3) color-flavor phase, whereas
the agreement of the other eight eigenvalues corresponds to the SU(3) sector in the color-
flavor phase. Throughout, we have specialized to the SU(3) phase as indicated in the
introduction, leaving the issue of the additional U(1) in the presence of the triangle anomaly
for a future discussion.
3. Derivation of the mass formula of the generalized Goldstone meson:
Following Ref. [9], we consider the chiral Ward identity implied by the underlying
flavor symmetry in the CFL phase. Indeed, when chiral symmetry is softly broken by
massive quarks m = diag(mu,md,ms), then the pions are expected to be massive. Hence
0 ≡
∫
d4x ∂µx
〈
BCS
∣∣∣T ∗Aαµ(x)πβB(0) ∣∣∣BCS〉 , (A27)
where the axial-vector current Aaµ is given in (A54) and the pion field πB(x) in the CFL
phase is defined as (see Appendix-7)
π
β
B(x) =
 0 ψ γ0 (M iτβγ5)† γ0 ψC(x)
ψCM iτ
βγ5 ψ(x) 0
 , (A28)
#13For the general case Nc = Nf , the “+2” and “4” have to be replaced by Nc−1 and (Nc−1)
2, respectively.
Furthermore, there are 1
2
Nc(Nc − 1) eigenvalues +1 and
1
2
Nc(Nc + 1) − 1 eigenvalues −1.
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which is consistent with (12). The flavor axial-vector current in the CFL phase (see
Appendix-6) obeys the local divergence equation
∂ ·Aα(x) =
 ψ i
[
m, 12τ
α
]
+
γ5 ψ(x) 0
0 ψC i
[
m, 12τ
α∗
]
+
γ5 ψC(x)
 . (A29)
For massless quarks, the hermitean axial-isovector charge
Qα5 ≡ Qα5 (x0) =
∫
d3x
(
ψ 12τ
αγ0γ5 ψ(x) 0
0 ψC
1
2τ
α∗γ0γ5 ψC(x)
)
(A30)
is conserved and generates axial-vector rotations, e.g.
[Qα5 ,Ψ(x)] = −γ5
1
2
TαΨ(x) . (A31)
In terms of (A29-A31), the identity (A28) yields the axial Ward-identity∫
d4x
〈
BCS
∣∣∣∣T ∗ [m, 12πα(x)]+ πβB(0)
∣∣∣∣BCS〉 = 〈BCS ∣∣∣ΣαβB (0)∣∣∣BCS〉 , (A32)
where the diquark field ΣαβB (x) is defined as
Σαβ = Ψ(x)
[
1
2T
α ,
(
0 −iτβM†
iMτβ 0
)]
+
Ψ(x) (A33)
and π(x) is the diagonal pion field
π
α(x) =
(
ψiταγ5 ψ(x) 0
0 ψC iτ
α∗γ5 ψC(x)
)
. (A34)
The nonconfining character of the weak coupling description allows for the occurrence of
the gapped qq and/or qq exchange. Hence,〈
BCS
∣∣∣ΣαβB (0)∣∣∣BCS〉 ≈ − ∫ d4q(2π)4 Tr [iγ5 12 [m,Tα]+ iS(q)ΠβB iS(q)]
+
{∫ d4q
(2π)4
Tr
[
iγ5
1
2 [m,T
α]+ iS(q) iΓ
ξ
π iS(q)
]} (
−i
M2
)ξξ′ {∫ d4q
(2π)4
Tr
[
iΓξ
′
π iS(q)Π
β
B iS(q)
]}
(A35)
with
ΠβB ≡
 0 γ0 (iMτβγ5)† γ0
iMτβγ5 0
 . (A36)
In the chiral limit mi → 0, i ∈ {u, d, s}, the first term in (A35) drops out and the identity
is fulfilled if 1/M2 is sufficiently singular in mi to match the numerator. The traces can be
evaluated in weak coupling. The result is #14∫
d4q
(2π)4
Tr
[
iγ5
1
2 [m,T
α]+ iS(q) iΓ
ξ
π iS(q)
]
= O(m2) , (A37)∫
d4q
(2π)4
Tr
[
iΓξ
′
π iS(q)Π
β
B iS(q)
]
= δξ
′β 16i
FT
∫
d4q
(2π)4
G(q)
q20 − ǫ2q
, (A38)
#14The use of FT instead of FS in the pion vertex follows from the fact that the intermediate BCS pion is
generated by a chiral rotation of the BCS ground state. A similar interpretation in matter is made in [24].
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which shows thatM2 = O(m2). To determine the coefficient, we need to expand the vertices
and the propagators in (A35) to leading order in m. The O(m) corrections to both G(p)
and Γ(p) do not contribute. They trace to zero because of a poor spin structure. Therefore,
only the O(m) correction to the propagator (1) is needed, i.e. (2). Inserting (1) together
with the mass correction (2) into (A37) yields∫
d4q
(2π)4
Tr
[
iγ5
1
2 [m,T
α]+ iS(q) iΓ
ξ
π iS(q)
]
=
µG0
8π2FT
Trcf
([
m2, τα
] (
M†Mβ −Mβ†M
)
+
[
m2, τα∗
] (
MMβ
† −MβM†
))
.
(A39)
Here, the resulting integral simplifies under a contour integration in the following way:
i
∫
d4q
(2π)4
q0 ± q||(
q20 − ǫ2q
)2 |G(q||)|22µFT = i2π
∫ 2µ
0
dq⊥q⊥
(2π)2
∫ ∞
−∞
dq||
2π
|G(q||)|2
2µFT
∫
idq4
2π
iq4 ± q||(
q24 + ǫ
2
q
)2
= ∓µ
2
π2
∫ ∞
0
dq||
|G(q||)|2
2µFT
q||
4ǫ3q
≈ ∓ µ
8π2FT
∫ Λ∗
G0
dq||
|G(q||)|2
q2||
≈ ∓ µ
8π2FT
∫ x0
0
dx
ex
Λ∗
G20 sin
2
(
πx
2x0
)
≈ ∓ µ
8π2FT
G20
Λ∗
ex0 = ∓ µ
8π2FT
G0 ,
where the gap solution (6) and the logarithmic scales x = ln(Λ∗/q||) and x0 = ln(Λ∗/G0)
were inserted in the second to last line. Furthermore, [m, [m, τα]+] = [m
2, τα] was used.
Inserting (A38) and (A39) in (A35) and noting that
〈
ΣαβB
〉
≡ Tr
[ 1
2T
α ,
(
0 −iτβM†
iMτβ 0
)]
+
iS
 = −8 δαβ ∫ d4q
(2π)4
G(q)
q20 − ǫ2q
, (A40)
we obtain for the mass of the Goldstone modes(
M2
)αβ ≈ − µG0
4π2F 2T
Trcf
([
m2, τα
] (
M†Mβ−Mβ†M
)
+
[
m2, τα∗
] (
MMβ
†−MβM†
))
,
(A41)
which is (21), see also Ref. [9]. Note that the color-flavor traces, which first appeared in the
transition from (A37) to (A39), yield zero.
In order to get a non-zero result for the mass matrix of the generalized pion, we have
to insert in (A37) the next-to-leading order, O(1/µ), even for the massless terms of the
propagator, i.e. the second terms on the right hand sides of (A17) and (A20) which can be
traced back to the leading terms of the antiparticle propagator, see (A24) #15. These terms
are in fact antiparticle-gap independent. The first antiparticle-gap dependent piece appears
#15The 1/µ expansion of the numerators and denominators of the particle propagators only modifies the
leading result (A39) by overall factors that do not prevent the vanishing of the color-flavor traces.
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at order O(1/µ2) and is therefore subleading. This is fortunate, since according to [15] the
antiparticle-gap is gauge-fixing-term dependent. Inserting the above mentioned terms in
(A37), we get
(A37) = (A39) +
i
4µ2FT
∫
d4q
(2π)4
|G(q)|2
q20 − ǫ2q
×
{
Trcf
(
[m, τα]+
(
Mξ
†
mM+M†mMξ
))
+ Trcf
(
[m, τα∗]+
(
MξmM† +MmMξ
†))}
. (A42)
Note that
i
∫
d4q
(2π)4
|G(q)|2
q20 − ǫ2q
= i2π
∫ 2µ
0
dq⊥q⊥
(2π)2
∫ ∞
−∞
dq||
2π
|G(q||)|2
∫
idq4
2π
−1
q24 + ǫ
2
q
=
µ2
π2
∫ ∞
0
dq||
|G(q||)|2
2ǫq
≈ µ
2
2π2
∫ Λ∗
G0
dq||
|G(q||)|2
q||
=
µ2
2π2
G20
∫ x0
0
dx sin2
(
πx
2x0
)
=
µ2
2π2
G20
x0
2
=
µ2G20 x0
4π2
, (A43)
where logarithmic scales x = ln(Λ∗/q||) and x0 = ln(Λ∗/G0) were used in the fourth line.
Thus we have for ∆(A37) ≡ (A37) − (A39):
∆(A37) ≈ G
2
0 x0
16π2FT
{
Trcf
(
[m, τα]+
(
Mξ
†
mM+M†mMξ
))
+Trcf
(
[m, τα∗]+
(
MξmM† +MmMξ
†))}
. (A44)
Since G0 and FT are of order O(µ), we find that ∆(A37) is of order O(µ). This means that
the corresponding (M2)αβ is of order O(µ0), since there is an additional 1/FT factor from
(A38), namely(
M2
)αβ ≈ − G20 x0
8π2F 2T
{
Trcf
(
[m, τα]+
(
Mβ
†
mM+M†mMβ
))
+Trcf
(
[m, τα∗]+
(
MβmM† +MmMβ
†))}
. (A45)
In the flavor-symmetric case mu = md = ms (≡ mq), the color-flavor traces simplify to
2m2qTrcf
(
τα
{
Mξ
†
M+M†Mξ
})
= 2m2qTrcf
(
τα∗
{
MξM† +MMξ
†})
= −16m2q δαξ .
The mass of the generalized pion at next-to-leading order now reads
M2 ≈ 4G
2
0 x0
π2F 2T
m2q =
4m2q
µ2
{
4Λ6⊥
πm5E
exp
(
−3π2√
2 g
)}2
3π2√
2 g
=
223 π10m2q
34
√
2 g11
exp
(
−3√2π2
g
)
, (A46)
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where we have used that FT = µ/π, eq. (7), x0 =
√
3 π
2h∗ , eq. (8), Λ⊥ = 2µ and mE =
√
Nf
2
gµ
π
with Nf = 3.
4. Proof of the color-identity (3):
Apply the standard identity for SU(Nc) Gell-Mann matrices,
N2c−1∑
a=1
1
4λ
a
αβλ
a
γδ =
1
2δαδ δγβ − 12N δαβ δγδ , (A47)
to the expression
∑N2c−1
a=1
(
λaT
2 ǫ
Aλa
2
)
αδ
, i.e.
N2c−1∑
a=1
1
4λ
aT
αβǫ
Aβγλaγδ =
N2c−1∑
a=1
1
4λ
a
βαλ
a
γδǫ
Aβγ =
(
1
2δβδ δγα − 12Nc δβα δγδ
)
ǫAβγ
= 12
(
ǫAδα − 1Nc ǫAαδ
)
= −Nc + 1
2Nc
ǫAαδ (A48)
which is identical to (3) for the case Nc = 3. It is easy to check that also∑
a
λa
2
ǫAc
λaT
2
= −Nc + 1
2Nc
ǫAc (A49)
holds. Finally, by replacing β ↔ α in the bracket of the third term of (A48) one can easily
derive ∑
a
λa
2
ǫAc
λa
2
= − 1
2Nc
ǫAc . (A50)
5. Proof of the relations (14):
The first identity follows immediately from (3) or (A48), if one inserts∑
a
λaT
2
(
MA
) λa
2
=
∑
a
λaT
2
(
ǫIf ǫ
J
c γ5
(
τA
)IJ) λa
2
= −Nc + 1
2Nc
(
ǫIf ǫ
J
c γ5
(
τA
)IJ)
= −Nc + 1
2Nc
MA . (A51)
It is easy to see that the same relation holds, if MA is replaced by MA
†
.
In order to show the second relation of (14), we use that
MMAM = γ5 ǫ
I
f ǫ
I
c ǫ
J
f
(
τA
)JK
ǫKc ǫ
L
f ǫ
L
c
and that (
ǫIcǫ
K
c ǫ
L
c
)αβ
= −ǫIαβc δKL + ǫIαLc δKβ ,(
ǫIf ǫ
J
f ǫ
L
f
)ij
= −ǫLijf δIJ + ǫLIjf δiJ .
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Therefore (
MMAM
)αi,βj
= γ5 ǫ
Kij
f ǫ
Jαβ
c
(
τA
)JK
+ · · ·
= γ5 ǫ
Kij
f ǫ
Jαβ
c
(
τA
T
)KJ
+ · · · =
(
MA
†)αi,βj
+ · · · ,
where the dots refer to terms which are symmetric in color-flavor and finally subleading
to leading logarithm order. Naturally, also
(
MMA
†
M
)
= MA + · · · holds. Therefore the
second relation of (14) approximately follows from the first one, if the above mentioned
subleading terms are neglected.
6. The structure of the vector and axial-vector currents:
The two-component Nambu-Gorkov field
Ψ =
(
ψ
Cψ¯T
)
transforms under vector and axial-vector transformations as follows
UVΨ =
 ei12 τAαA 0
0 e−i
1
2 τ
A∗αA
Ψ and UAΨ =
 ei12γ5τAβA 0
0 ei
1
2γ5τ
A∗βA
Ψ .
(A52)
The vector and axial-vector currents are diagonal in the Nambu-Gorkov formalism, since
they result as Noether currents from the diagonal kinetic term
Ψiγµ∂µ ρ0Ψ =
(
ψ¯γµ∂µψ 0
0 ψT γµT∂µψ¯
T
)
= Ψ
(
γµ∂µ 0
0 −CγµTC−1∂µ
)
Ψ ,
with ρ0 the unit matrix in the Nambu-Gorkov space. Alternatively, they can be derived by
a prescription from [10] which generalizes the standard current structure ψ¯ Γψ to the charge
conjugated sector as ψ¯C CΓ
TC−1 ψC . Because of γTµ = −C−1γµC and C−1γ5C = γT5 = γ5,
we have
VAµ ≡ Ψ
 γµ 12τA 0
0 C
(
γµ
1
2τ
A
)T
C−1
Ψ =Ψ( γµ 12τA 0
0 −γµ 12τA
∗
)
Ψ
= Ψγµ
1
2T
A
ρ3Ψ , (A53)
and
Aaµ ≡ Ψ
 γµγ5 12τA 0
0 C
(
γµγ5
1
2τ
A
)T
C−1
Ψ = Ψ( γµγ5 12τA 0
0 γµγ5
1
2τ
A∗
)
Ψ
= Ψγµγ5
1
2T
AΨ , (A54)
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with TA = diag(τA, τA
∗
) and ρ3 the standard Pauli matrix. In (A54) it was used that
CγT5 γ
T
µC
−1 = CC−1γ5C(−C−1γµC)C−1 = −γ5γµ = γµγ5. Furthermore, note that the
derivation of the gluon-vertex (10) is totally analogous to (A53).
7. The structure of the vertices for the generalized mesons:
Because of the particle-particle (or hole-hole) substructure, all generalized mesons
have the vertex structure
ΨΓM Ψ = Ψ
(
0 (ΓM)12
(ΓM )21 0
)
Ψ . (A55)
By conjugating the 21-component ψ¯C (ΓM )21 ψ = ψ
TC (ΓM)21 ψ, namely
#16
− ψ† {(ΓM)21}† C†ψT
†
= −ψ¯γ0 {(ΓM )21}† γ0γ0C−1ψ†
T
= ψ¯γ0 {(ΓM)21}† γ0C(ψ¯)T ,
(A56)
one can derive a general rule (see [10]) which links the 12 and 21 components of ΓM
(ΓM )12 = γ
0 {(ΓM)21}† γ0 . (A57)
Thus, in order to determine the structure of the generalized vertices, we only have to
determine the structure of the 21-component.
As in the standard case, the structure of the (generalized) meson vertices follows
from the transformation properties of the (hermitean) bilinears ΨΓM Ψ under proper (or-
dinary continuous) Lorentz transformations ψ(x) → ψ′(x′) = S(Λ)ψ(Λx) with S(Λ) =
exp(− i4σαβωαβ) and under the (discrete) parity transformation ψ(x)→ ψ′(x′) = γ0ψ(t,−x).
Using that S(Λ)T = CS(Λ)−1C−1 and γ0TC = γ0C = −Cγ0 , we can easily derive the fol-
lowing transformation properties of the bilinears ψ¯C (ΓM)21 ψ under proper Lorentz and
parity transformations (which generalize the transformation properties of the standard bi-
linears ψ¯ Γψ, see e.g. [25]):
ψ¯′C(x
′)γ5ψ′(x′) = ψ¯C(x)γ5ψ(x) scalar 0+ ,
ψ¯′C(x
′)ψ′(x′) = det(Λ)ψ¯C(x)ψ(x) pseudoscalar 0− ,
ψ¯′C(x
′)γµγ5ψ′(x′) = Λµν ψ¯C(x)γνγ5ψ(x) vector 1− ,
ψ¯′C(x
′)γµψ′(x′) = det(Λ)Λµν ψ¯C(x)γνψ(x) axial-vector 1+ .
(A58)
Note the appearance of the extra γ5 relative to the standard rules of e.g. [25]. Taking
the flavor matrix in the color-flavor-locked way into account, we have the following 21
#16The minus sign results from the Grassman property of the fermion spinors. Note that C = −C† = −C−1
and γ0C
−1 = −Cγ0
T
.
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components of the generalized meson vertices:
(Γσ(p, P ))21 = iM
A ΓS(p, P )/FS generalized sigma ,
(Γπ(p, P ))21 = iγ5M
A ΓPS(p, P )/FPS generalized pion ,
(Γµ(p, P ))21 = γµM
A ΓV (p, P )/FV generalized vector meson ,
(Γ5µ(p, P ))21 = iγµγ5M
A ΓAV (p, P )/FAV generalized axial-vector meson ,
(A59)
where MA ≡ γ5ǫaf ǫαc (τA)aα and (ǫa)bc = ǫabc. The form factors and decay constants have
been introduced in [9] for the pionic case and in (43) for the vector case. Note thay after
inserting unity 1 = Λ+(p) + Λ−(p) to the left and right of the (ΓM (p, P ))21’s, we can
project these vertices onto the particle-particle, particle-antiparticle, antiparticle-particle
and antiparticle-antiparticle sectors in analogy to (A3):
(ΓM (p, P ))21 = Λ
+(p) (ΓM (p, P ))ppΛ
+(p) + Λ+(p) (ΓM (p, P ))paΛ
−(p)
+Λ−(p) (ΓM (p, P ))ap Λ
+(p) + Λ−(p) (ΓM(p, P ))aa Λ
−(p) . (A60)
In the scalar and pseudoscalar case, the mixed (particle-antiparticle and antiparticle-particle)
vertices vanish identically since Λ±(p)γ5Λ∓(p) = 0 = Λ±(p)Λ∓(p). The sum of the remain-
ing particle-particle and antiparticle-antiparticle has exactly the structure of (A3). In the
vector and axialvector case, the mixed terms (ΓM (p, P ))pa and (ΓM (p, P ))ap survive. How-
ever, in the leading-logarithm approximation only the particle-particle parts (ΓM (p, P ))pp
of the vertices are needed.
Contrary to the standard case, the phases cannot be determined from the hermiticity
property of the quark bilinears, since the hermiticity is automatically satisfied under the
condition (A57). In general, the form factors are complex-valued, such that the phases can
be chosen at will. Our phase choice corresponds to real-valued form factors with attractive
Bethe-Salpeter kernels (see (42) and (A66)). Taking the (A57) rule into account, we have
ΓAσ (p, P ) = iρ1M
A
T ΓS(p, P )/FS generalized sigma ,
ΓAπ (p, P ) = γ5 ρ2M
A
T ΓPS(p, P )/FPS generalized pion ,
ΓAµ (p, P ) = γµ ρ1M
A
T ΓV (p, P )/FV generalized vector meson ,
ΓA5µ(p, P ) = γµγ5 ρ2M
A
T ΓAV (p, P )/FAV generalized axial-vector meson ,
(A61)
where
M AT ≡
(
MA 0
0 MA
†
)
=
 Miα
(
τA
)iα
0
0 Miα
(
τA
∗)iα
 =Miα (TA)iα (A62)
and ρ1 and ρ2 are the standard Pauli matrices acting on the Nambu-Gorkov indices. As
mentioned above, the form factors ΓS(p, P ), ΓPS(p, P ), ΓV (p, P ) and ΓAV (p, P ) are now
assumed to be real, where ΓPS(p, 0) = G(p). The vertex structure of (A61) is in agreement
with (11) and (12) as well as (43) as used in (38).
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If (ΓM (p, P ))21 is projected onto the particle-particle, particle-antiparticle, antiparticle-
particle and antiparticle-antiparticle sectors as in (A60), it follows from the (A57)-rule and
γ0Λ±(p)γ0 = Λ∓(p) that the corresponding contributions of the 1-2 component read
(ΓM(p, P ))12 = Λ
−(p)γ0 (ΓM (p, P ))†pp γ
0Λ−(p) + Λ−(p)γ0 (ΓM (p, P ))†pa γ
0Λ+(p)
+Λ+(p)γ0 (ΓM (p, P ))
†
ap γ
0Λ−(p) + Λ+(p)γ0 (ΓM (p, P ))†aa γ
0Λ+(p)
(A63)
in analogy to (A4). In the leading logarithm approximation, only the first term, i.e. the
particle-particle term, is needed. In this case the vertex structure (A61) has to be modified
by the “sandwich-rule” (28) which is compatible with (A60) and (A63). As mentioned in
section 3 (see also Appendix-12), the simplified vertex structure (A61) can be used, if only
leading propagators (1) #17 are coupled to the vertex and if the simplified form (5) of the
gluon propagator is used.
8. Derivation of equation (13) from (9) and equation (44) from (42):
Defining Q ≡ q + P/2 and K ≡ q − P/2, the 12 component of (42) reads:
(
ΓAj (p, P )
)
12
= g2
∫
d4q
(2π)4
iD(p−q)γµλ
a
2
[
S11(Q)
(
ΓAj (q, P )
)
12
S22(K)
+ S12(Q)
(
ΓAj (q, P )
)
21
S12(K)
]
(−γµ)λ
aT
2
. (A64)
The expression for
(
ΓAj (p, P )
)
21
follows from (A64) with the replacements 1 ↔ 2 and
λa ↔ λaT . We now write
(
ΓAj
)
12
= 1FV γjΓVM
A† where we assumed ΓV to be real. Inserting
then (1) for the propagators, we can transform (A64) to #18
γjΓV (p, P )M
A† = −g2
∫
d4q
(2π)4
iD(p−q) ΓV (q, P )
(Q20 − ǫ2Q)(K20 − ǫ2K)
×
{
Q+K−
[
γµγ
0Λ−(Q)γjγ0Λ+(K)γµ
] [λa
2
MA
†λaT
2
]
+G(Q)G(K)γµΛ
+(Q)γjΛ
+(K)γµ
[
λa
2
MMAM
λaT
2
]}
, (A65)
where it was used that both M (=M†) and MA contain a γ5 matrix. Note that the
corresponding expression for the composite axial-vector meson differs from (A65) by the
replacement MA → iγ5MA and by an additional minus sign in front of the second term
#17In the scalar and pseudoscalar case, it already is sufficient that only one leading propagator is coupled
per vertex.
#18In the following, we will use the simplified form (A61) of the generalized-meson vertex. The results for
the sandwiched form (28) will be discussed at the end of this section.
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on the right hand side. Using (14) for the flavor contractions and moving the γ0 matrices
through, we finally get
γjΓV (p, P ) = −2g
2
3
∫
d4q
(2π)4
iD(p−q) ΓV (q, P )
(Q20 − ǫ2Q)(K20 − ǫ2K)
× {Q+K− −G(Q)G(K)}
[
γµΛ
+(Q)γjΛ
+(K)γµ
]
, (A66)
where we ignored a symmetric contribution in color-flavor which is subleading to logarithmic
accuracy. This equation will be simplified by applying the longitudinal and transverse
projection (39) and (40), respectively, and then taking the Dirac trace. The left hand side
becomes 4ΓL,T (p, P ), whereas on the right hand side the Dirac structure becomes
1
3Tr
[
γjγµΛ
+(Q)γjΛ
+(K)γµ
]
= −23Tr
[
γjΛ+(Q)γjΛ
+(K)
]
= −2
3
Tr
[(
3Λ+(Q)− Qˆkαk
)
Λ+(K)
]
, (A67)
where we summed over the index j and used the Dirac matrix identity γµγjγ
µ = −2γj. In
the rest frame, the trace (A67) is just −8/3. Inserting this back into (A66) and dividing by
four, we get the quoted result (44) which identically holds in the axial-vector case.
For deriving the corresponding expression of the generalized pion from (9), the γj
matrices in (A65) and (A66) have to be replaced by −iγ5. After multiplying both sides
with iγ5 and then taking the Dirac trace, we still get 4ΓPS(p, P ) on the left hand side,
whereas on the right hand the Dirac trace
Tr [γ5γµΛ
+(Q)γ5Λ
+(K)γµ] = −Tr [γµγµΛ+(Q)Λ+(K)] = −4Tr [Λ+(Q)Λ+(K)]
reduces to a factor −8 instead of −8/3 in the rest frame. This is the reason why the prefactor
in the Bethe-Salpeter kernel of the generalized pion (see (13) or (4) for the gap itself) is
three times bigger than the one of the generalized vector and axial-vector (see (44)).
For the generalized sigma, the γj in (A65) and (A66) has to be replace by the i times
the unit matrix. Furthermore, there is an additional minus sign in front of the second term
on the right hand side of (A65) and an additional overall minus sign on the right hand side
of (A66). After multiplying both sides with −i and taking the Dirac trace, there is still
4ΓS(p, P ) on the left hand side, whereas on the right hand side the Dirac trace
Tr [γµΛ
+(Q)Λ+(K)γµ] = 4Tr [Λ+(Q)Λ+(K)]
reduces to +8 in the rest frame. This opposite sign, relative to the pion case, cancels against
the above mentioned opposite sign on the right hand side of (A66). Thus the Bethe-Salpeter
equation of the generalized sigma and pion are the same, see (13).
If the sandwiched form of the generalized mesons is used, equation (A66) must be
first projected from the left and right with Λ−(p), before we can multiply with γj (or
correspondingly with −iγ5 in the pion or i1 in the scalar case) and take the Dirac trace.
This modification induces a factor 12 on the left and right hand side of the projected (A66)
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and therefore does not change the final answer (44) and (13) for the gap equations for the
(axial-)vector and (pseudo-)scalar case, respectively.
The result of (A66) is valid for the phase choice of (A59), i.e. for real-valued form
factors. If the opposite phase-choice had been made, i.e. if the form factors were assumed
to be purely imaginary-valued, the Q+K− −G(Q)G(K) term in (A66) would have to read
Q+K− +G(Q)G(K) instead. The error which this choice will induce can be estimated by
perturbation theory by inserting (6) and (49) or an analogous form factor into
h2∗
18
∫ Λ∗
GM
dq||
q||
−2G2(q||)
q2||
ln
(
Λ2∗
(p|| − q||)2
)
Γ(q||,MV ) (A68)
as very small, i.e. O(h2∗) relatively to Γ(q||,MV ).
9. The structure of the vertices for the standard mesons:
The Bethe-Salpeter kernels of the diagonal standard “q¯ q” -type mesons in the CFL
phase are
Γ˜Aσ (p, P ) = ρ0N
A
T˜
Γ˜S(p, P )/F˜Σ standard sigma ,
Γ˜Aπ (p, P ) = iγ5 ρ0N
A
T˜
Γ˜PS(p, P )/F˜ standard pion ,
Γ˜Aµ (p, P ) = γµ ρ3N
A
T˜
Γ˜V (p, P )/F˜V standard vector meson ,
Γ˜A5µ(p, P ) = γµγ5 ρ0N
A
T˜
Γ˜AV (p, P )/F˜AV standard axial-vector meson ,
(A69)
where N A
T˜
= ǫaf ǫ
α
c (T˜
A)aα. Thus N A
T˜
is of the same form as M AT , without the γ5, however,
and with TA = diag(τA, τA
∗
) replaced by T˜A = diag(τ˜A, τ˜A), where τ˜1,3 = τ1,3 and τ˜2 = iτ2.
Furthermore ρ3 is the usual Pauli matrix, whereas ρ0 is the corresponding unit matrix. We
have checked that the Bethe-Salpeter equations resulting from (A69) vanish identically.
Standard scalar, pseudoscalar, vector and axial-vector excitations are not supported by the
QCD superconductor in leading logarithm approximation.
10. From equation (15) to equation (20) and other variational approximations:
After multiplying (15) with 3/4g2 and using the Fourier-transformations
Γ(p,M) =
∫
d4x eipx Γ(x) ,
D(p− q) =
∫
d4x ei(p−q)xD(x) ,
we can transform (15) into
3
4g2
Γ(x) =
∫
d4q
(2π)4
e−iqx iD(x) q
2
0 − ǫ2q −M2/4
(q20 − ǫ2q +M2/4)2 −M2q20
Γ(q) ,
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where Γ(q) ≡ Γ(q,M). Multiplying both sides with Γ(x)/iD(x) and integrating over x, we
get
3
4g2
∫
d4x
Γ2(x)
iD(x) =
∫
d4q
(2π)4
{∫
d4x e−iqx Γ(x)
}
q20 − ǫ2q −M2/4
(q20 − ǫ2q +M2/4)2 −M2q20
Γ(q)
=
∫
d4q
(2π)4
Γ(−q) q
2
0 − ǫ2q −M2/4
(q20 − ǫ2q +M2/4)2 −M2q20
Γ(q) .
Assuming that Γ(q) is an even function in q in analogy to G(q) and Taylor-expanding the
right-hand side in M2, we get (17), i.e.
3
4g2
∫
d4x
Γ2(x)
iD(x) ≈
∫
d4q
(2π)4
Γ2(q)
q20 − ǫ2q
+
M2
4
∫
d4q
(2π)4
q20 + 3ǫ
2
q
(q20 − ǫ2q)3
Γ2(q)
=
∫
d4q
(2π)4
Γ2(q)
q20 − ǫ2q
− iM2F 2 ,
where definition (18) was used. By assuming that Γ(q) = κG(q) is an even real-valued func-
tion of q||, by Wick-rotating to Euclidean space and evaluating the resulting q4 integration
as a contour integration, we can calculate F 2 defined in the last equation as follows:
F 2 ≡ i
4
∫
d4q
(2π)4
q20 + 3ǫ
2
q
(q20 − ǫ2q)3
Γ2(q)
=
1
4
2π
∫ 2µ
0
q⊥dq⊥
(2π)2
2
∫ ∞
0
dq||
2π
Γ2(q||)
∫ +∞
−∞
dq4
2π
−q24 + ǫ2q
(q4 − iǫq)3(q4 + iǫq)3
=
1
4
µ2
π2
∫ ∞
0
dq|| Γ2(q||)
2πi
2π
1
i2ǫ3q
=
µ2
8π2
∫ ∞
0
dq||
Γ2(q||)
ǫ3q
=
κ2µ2
8π2
∫ ∞
0
dq||
G2(q||)
ǫ3q
≈ κ
2µ2
8π2
∫ Λ∗
G0
dq||
G2(q||)
q3||
.
After inserting (6) into the last equation and shifting to the logarithmic scales x = ln(Λ∗/q||)
and x0 = ln(Λ∗/G0), one finally arrives at (20), i.e.
F 2 ≈ κ
2µ2
8π2
∫ x0
0
dx e2(x−x0) sin2(πx/2x0) =
κ2µ2
8π2
8x20 + π
2 − e−2x0π2
16x20 + 4π
2
≈ κ
2µ2
16π2
, (A70)
since x0 ≫ 1, see [9].
Finally note the variational approximation∫
d4q
(2π)4
Γ2T,L(q)
q20 − ǫ2q
= 2π
∫ 2µ
0
q⊥dq⊥
(2π)2
2
∫ ∞
0
dq||
2π
Γ2T,L(q||)
∫
idq4
2π
1
−q24 − ǫ2q
= −iµ
2
π2
∫ ∞
0
dq||
Γ2T,L(q||)
2ǫq
≈ −iκ
2µ2
2π2
∫ Λ∗
G0
dq||
G2M sin
2
(
h∗
3 ln
(
Λ∗
q||
))
q||
= −iκ
2µ2G2M
2π2
∫ x0
0
dx sin2
(
πx
2xM
)
= −iκ
2µ2G2M
4π2
x0
(
1− xM
πx0
sin
(
πx0
xM
))
,
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which is used to derive (57) from the vector-meson analog of (17).
11. Gluon polarization function in the CFL phase:
In the CFL phase, the gluon polarization function for the bare gluon (AA) fields is
Πabµν(Q) = −g2
∫
d4q
(2π)4
Tr
(
iVaµ iS(q +
Q
2
) iVbν iS(q −
Q
2
)
)
. (A71)
Using Trcf (λ
aλb) = 6 δab and
Trcf (λ
aMλb
T
M) = −2Trc(λaλb) = −4 δab ,
we may write (A71) in the following form
Πabµν(Q) = −g2 δab
∫
d4q
(2π)4
1
(K20 − ǫ2K)(P 20 − ǫ2P )
×
{
3
(
K0P0 +K||P||
)
Tr
[
γµγ
0Λ−(K)γνγ0Λ−(P )
]
+2G(K)G(P )Tr
[
γµΛ
+(K)γνΛ
−(P )
] }
(A72)
with K = q +Q/2 and P = q −Q/2.
For the temporal polarization, we have
Πab00(Q) = −g2 δab
∫
d4q
(2π)4
3(K0P0 +K||P||) + 2G(K)G(P )
(K20 − ǫ2K)(P 20 − ǫ2P )
(
1 + Kˆ · Pˆ
)
. (A73)
For Q = 0, this simplifies to
Πab00(0) = −g2δab
∫
d4q
(2π)4
6(q20 + q
2
||) + 4G
2(q)
(q20 − ǫ2q)2
= −δab g
2µ2
π2
∫ ∞
0
dq||
∫ +∞
−∞
i dq4
2π
−6q24 + 6ǫ2q − 2G2(q)
(q24 + ǫ
2
q)
2
= δab
g2µ2
π2
∫ ∞
0
dq||
iG2(q)
2ǫ3q
= iδab
(
gµ
2π
)2
. (A74)
Here we have used that the angle and q⊥ integrations contribute a factor 2π2µ2 and, after
a Wick rotation to Euclidean space and contour integration, that
∫∞
0 dq||G
2(q)/ǫ3q = 1/2
(see above).
For the spatial polarization, we obtain
Πabij (Q) = g
2 δab
∫
d4q
(2π)4
3(K0P0 +K||P||)− 2G(K)G(P )
(K20 − ǫ2K)(P 20 − ǫ2P )
(
gij(1− Kˆ · Pˆ )− KˆiPˆj − KˆjPˆi
)
(A75)
after using the spin trace
Tr [γiΛ±(K)γjΛ∓(P)] = gij − (gimgjn − gijgmn + gingjm)KˆmPˆn . (A76)
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For Q = 0, this simplifies
Πabij (0) = −g2δab
∫
d4q
(2π)4
6(q20 + q
2
||)− 4G2(q)
(q20 − ǫ2q)2
qˆiqˆj
= −13g2δabδij
∫
d4q
(2π)4
6q20 + 6ǫ
2
q − 10G2(q)
(q20 − ǫ2q)2
= 56δ
abδij
g2µ2
π2
∫ ∞
0
dq||
iG2(q)
ǫ3q
= iδabδij
5g2µ2
12π2
. (A77)
The lack of transversality in the AA polarization, which is manifest in (A74) and (A77),
is fixed by the mixing with the scalars (Higgs mechanism) and the additional contribution
from the modes within the Fermi surface (nonsurface modes).
12. The comparison of the exact and simplified in-medium gluon propagator:
According to eq. (6.51) of [13] and eq. (10) of [15], the in-medium retarded (Minkowski-
space) gluon-propagator in a general covariant gauge reads (modulo an overall phase factor)
Dµν(q) = i
P Tµν
q2 −G + i
PLµν
q2 − F − i ξ
PGFµν
q2
, (A78)
where F ≡ m2D = Nf2π2 g2µ2 (≡ m2E) and G = π4 −iq0|q| m2D (≡ m2M). The propagator contains
the gauge parameter ξ, which must not appear in physical results. The projectors appearing
in (A78) read
P Tµν = (1− gµ0)(1− gν0)
(
−gµν − qµqν
q2
)
, (A79)
PLµν = −gµν +
qµ qν
q2
− P Tµν , (A80)
PGFµν =
qµ qν
q2
, (A81)
where q2 = (q0)2 − q2 and gµν = gµν = diag(1,−1,−1,−1) for µ, ν = 0, 1, 2, 3. The
transverse projector can be written as
P Tµ0 = P
T
0ν = 0 , (A82)
P Tij = P
T
ji = δij − qˆiqˆj , (A83)
where qˆi ≡ qi/|q|. Eq. (A78) should be compared with the simplified form
Dµν(q) = i 1
2
−gµν
q2 −G + i
1
2
−gµν
q2 − F , (A84)
which is the analog in Minkowski space of the screened perturbative gluon propagator in
Euclidean space used here in (5), see also [12, 9]. We now proceed to show that (A78-A84)
yield equivalent results in the context of our analysis.
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The three-momentum can be split into the Fermi-momentum qF and a momentum ~l
measured relative to the Fermi surface,
|q| = |qF +~l| = µ+ l|| +
l2⊥
2µ
+O(1/µ2) , (A85)
where l|| and l⊥ are the projections of the relative momentum in the direction of and
orthogonal to the Fermi-momentum P, respectively. Because of the decomposition (A85),
we have, modulo 1/µ2 corrections, q2 = q20−q2 ≈ −q2 and we can simplify the longitudinal
projector as follows (see [15]))
PLµν ≈ −gµ0 gν0 . (A86)
Finally we will use that
δijP Tij = 2 , (A87)
qˆ · Qˆ kˆ · Qˆ = −12
(
1− qˆ · kˆ
)
+O(1/µ), (A88)
where Q ≡ k − q. The second formula can be derived with the help of eq. (A85) applied
to |k|, |q| and |Q| = |k − q|, i.e., |Q|2 = |k − q|2 ≈ 2µ2
(
1− qˆ · kˆ
)
and qˆ · Qkˆ · Q =
(|k| qˆ · kˆ− |q|)(|k| − |q| qˆ · kˆ) ≈ −µ2(1− qˆ · kˆ)2.
The Dirac structure of the gap equation of [15] (and of the Bethe-Salpeter equation
(9) in case the generalized-pion-vertex follows the sandwich rule (28), i.e., the projectors
1
2(1±α · qˆ) are kept in the generalized-pion-vertex (12)) reads:
Aµν ≡ 12Tr
[
γµ 12(1− sRγ0γmqˆm)γν 12(1 + sLγ0γnkˆn)
]
= 12g
µν +
sL
2
(
gµngν0 − gµ0gνn
)
kˆn +
sR
2
(
gµmgν0 − gµ0gνm
)
qˆm
+
sRsL
2
(
2gµ0gν0δmn − gµνδmn − gµmgνn − gµngνm
)
qˆmkˆn , (A89)
where sL = sR = ±1 for the gap and sL = −sR = ±1 for the anti-gap, see eq. (9) of [15].
The Dirac structure of the Bethe-Salpeter equation (9) without the projectors 12(1±
α · qˆ) in the generalized-pion-vertex (12) reads
Bµν = 14Tr [γ
µ 1
2(1∓ γ0γmqˆm)γν ]
= 12g
µν ∓ 12
(
gµ0gmν − gµmgν0
)
qˆm . (A90)
Here, the projector 12(1∓ γ0γmqˆm) results solely from the leading parts of the quark prop-
agators (1) and not from the generalized-pion vertex. The prefactor 14 in (A90) versus
the prefactor 12 in (A89) can be traced back to the division by the Dirac trace on the
l.h.s. of the Bethe-Salpeter equation, namely to the division by Tr [1] = 4 in (A90) versus
Tr [12(1 + sLγ
0γnkˆn)] = 2 in (A89).
Using the projectors of Dµν(k − q) as given in (A78), we get
AµνPLµν = −A00 = −12
(
1 + sRsL qˆ · kˆ
)
. (A91)
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Assuming as in [15] that qˆ · kˆ ≡ cos(θ) ≈ 1 in the numerators of the gap-equation, we
get the weight −1 for the longitudinal contribution to the gap and 0 for the longitudinal
contribution to the anti-gap. This should be compared with
BµνPLµν = −12 (A92)
for both the gap and the anti-gap. Note that (A92) is just the average of (A91).
Furthermore, we have using (A88)
AµνP Tµν =
1
2g
ijP Tij +
sRsL
2
(
−2P Tmn + δijP Tij δmn
)
kˆnqˆm
= −1 + sRsL
(
kˆ · qˆ− kˆ · qˆ+ kˆ · Qˆ qˆ · Qˆ
)
≈ −1− 12sRsL + 12sRsL kˆ · qˆ . (A93)
Under the approximation kˆ · qˆ ≈ 1, we get for the gap-case −32 + 12 kˆ · qˆ ≈ −1 and for the
anti-gap case −12 − 12 kˆ · qˆ ≈ −1. This agrees with the unprojected case
BµνP Tµν = −12δijP Tij = −1 (A94)
for both the gap and the anti-gap.
Finally,
AµνPGFµν =
1
2
gµνQµQν
Q2
+
sRsL
2
(
2
Q0Q0
Q2
kˆ · qˆ− 2Q · kˆ Q · qˆ
Q2
− Q
2
Q2
kˆ · qˆ
)
= 12 −
sRsL
2
kˆ · qˆ+ sRsL
(
kˆ · qˆ Q
02
Q2
− Q · kˆ Q · qˆ
Q2
)
≈ 12 −
sRsL
2
kˆ · qˆ+ sRsL
(
−Q · kˆQ · qˆ−Q2
)
≈ 12 −
sRsL
2
kˆ · qˆ+ sRsL
(
1
2 kˆ · qˆ− 12
)
= 12 (1− sRsL) , (A95)
where Q2 ≈ −Q2 and (A88) was used. Note that the gauge-fixing dependence vanishes for
the gap and gives a weight factor +1 for the anti-gap.
This should be compared with
BµνPGFµν = +
1
2 (A96)
for both the gap and the anti-gap. Again, the result (A96) of the unprojected case is the
average of the sandwiched one, (A95).
If Aµν is contracted with −12gµν as in the gluon-propagator (A84) and in the Euclidean
analog (5), we get
Aµν
−1
2
gµν = −1 + sRsL
2
(
−g00 qˆ · kˆ+ 2 qˆ · kˆ+ 12gmnqˆmkˆn + 12gmnqˆmkˆn
)
= −1 + sRsL
2
(
−qˆ · kˆ+ 2 qˆ · kˆ− qˆ · kˆ
)
= −1 (A97)
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for both the gap and the anti-gap.
If Bµν is contracted with −12gµν , then
Bµν
−1
2
gµν = −14 gµνgµν = −1 (A98)
for both the gap and the anti-gap.
In summary: the use of the simplified propagator (5) together with the unprojected
meson vertices, i.e. (28) without the additional projectors, yields the same results as the
use of the exact propagator (A78) (or even the simplified propagator) together with the
sandwiched meson vertices (28), to leading order. At higher order, the simplifications require
amendments. To leading order, the differences resulting from (A89) and (A90) can be traced
back to the presence or absence of the projector Λ±(k) on the l.h.s. of the Bethe-Salpeter
equation, i.e. at the amputated vertex.
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